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Abstract

Equilibrium thermodynamics is a universal theory that applies to every macroscopic system in equilibrium.
Although there have been nonequilibrium analogues to various classes of systems, ranging from classical to
quantum and mesoscopic to macroscopic, unifying viewpoints are still missing. In this thesis, we explore a
general characterization of some aspects of nonequilibrium thermodynamics. We develop a general framework
that especially features the entropy production and reveal its physical consequences. The framework, which
we call the force-current structure, is composed of three relations that relate dynamics and entropy production.
Employing it, we derive two important results generically: the geometric housekeeping-excess decomposition of
entropy production and thermodynamic trade-off relations. The housekeeping-excess decomposition provides
a precise understanding of irreversibility evaluated by entropy production by splitting it into two contributions
from two distinct aspects in nonequilibrium processes. The geometric nature of the force-current structure
enables us to formulate the decomposition by the projection of thermodynamic forces, which exhibits higher
generality than conventional methods. We also derive thermodynamic trade-off relations, which are inequalities
tightening the second law of thermodynamics and reveal that the entropy production is a fundamental cost in
nonequilibrium processes. We especially discuss trade-offs between the entropy production and accuracy or
speed. The framework and its consequences are applicable to various kinds of systems with local equilibrium;
in this thesis, we deal with overdamped Langevin systems, Markov jump processes, chemical reaction networks,
hydrodynamic systems, and Markovian open quantum systems.
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Foundations






Chapter 1

Introduction

Thermodynamics tells us what we can do and cannot do in a universal way. Classical equilibrium thermodynam-
ics describes systems in equilibrium states and quantifies the irreversibility of transisions between equilibrium
states with entropy. Researchers have explored a universal theory like the equilibrium thermodynamics for a
century, and have partially succeeded in establishing it in systems out of equilibrium; one example is chemical
thermodynamics. In general, a chemical reaction system can be out of chemical equilibrium, that is, forward
and backward reactions are not necessarily balanced. In this sense, the system is nonequilibrium. Nonetheless,
chemical thermodynamics has proven that we can discuss irreversibility with thermodynamic concepts such as
free energy [1-3]. This owes to the surrounding environment (solvent), which can be regarded as always staying
in an equilibrium state. As a result, we can define thermodynamic quantities and find relationship between the
phenomenological dynamics of chemical reactions and thermodynamics.

The situation is similar in a state-of-the-art theory of mesoscopic systems, called stochastic thermodynam-
ics [4-9]. For example, when we put colloidal particles at a single point in water, the ensemble of the system (in
the sense of statistical mechanics) is out of equilibrium. After a long time, the particles diffuse and the system
reaches an equilibrium ensemble. In stochastic thermodynamics, we can discuss mesoscopic nonequilibrium
processes like this diffusive example in terms of thermodynamics, owing to the environment (water), which is
in equilibrium.

In addition to the above two examples, there are several classes of physical systems to which the thermody-
namic framework can be established because of the environment relaxing to the equilibrium much faster than
the system we focus on. We use the term nonequilibrium thermodynamics to refer to the thermodynamic frame-
work applied to such phenomenological dynamics. It is one of the merits of nonequilibrium thermodynamics
that we can discuss irreversibility in various nonequilibrium phenomena from a universal viewpoint, based on
thermodynamic relations such as the second law.

The scope of nonequilibrium thermodynamics can be historically and physically classified into two groups.
The first one consists of macroscopic systems, such as chemical reaction systems and hydrodynamic systems,
studied in irreversible thermodynamics since the middle of the last century [10—12]. On the other hand, stochas-
tic thermodynamics, which has achieved a significant development in this century, covers the second class, in-
cluding mesoscopic stochastic processes [4-9] and open quantum systems [13—16]. Nevertheless, they share
the defining property, namely, the phenomenological dynamical description of nonequilibrium processes un-
derpinned by environmental equilibrium. Therefore, there should be a unified method to understand and study
these systems.

The purpose of this thesis is to provide a framework that enables us to discuss nonequilibrium thermo-
dynamic systems in a unified manner. We have studied nonequilibrium thermodynamics of macroscopic sys-
tems [17-20] and mesoscopic classical and quantum systems [ 19, 21] in the author’s PhD course. After studying
the variety of systems, we discovered that there is a unifying framework of nonequilibrium thermodynamics
and it is useful to understand thermodynamic restrictions in nonequilibrium systems. In this thesis, we present
the framework and its implications and show how it includes the specific nonequilibrium systems. Because
the framework is characterized by two concepts, thermodynamic force and irreversible current, we call it the
force-current structure.

The force-current structure can be outlined as follows (Fig. 1.1 summarizes the discussion in the following
five paragraphs): Irreversible current (current, in short hereafter) determines the phenomenological time evolu-
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tion via the continuity equation with an appropriate “divergence” operator. The entropy production rate in the
dynamics is provided by the product between the current and thermodynamic force; in other words, thermo-
dynamic force represents the entropy production per each elementary process. The thermodynamic force and
the current are connected by a positive-definite and symmetric operator, which assures the nonnegativity of the
entropy production rate and, in addition, enables a geometric interpretation.

The structure yields several physical consequences. First, we can show that the dynamical system possesses
an equilibrium (detailed balanced) state if and only if the thermodynamic force is conservative (the conserva-
tiveness is characterized by “gradient” operator adjoint to the “divergence”). Moreover, the geometric inter-
pretation enables to derive and understand generically two crucial results found in stochastic thermodynamics:
housekeeping-excess decomposition and thermodynamic trade-off relations (inequalities).

The housekeeping-excess decomposition offers a precise understanding of the dissipation [5, 6, 22-27]. In
a nonequilibrium system, entropy production is incurred by two sources of nonequilibrium effects: breaking
of detailed balance and nonstationarity. The housekeeping and the excess contributions of entropy production
respectively address these two aspects. Recently, a geometric aspect of the decomposition was pointed out
in Ref. [28, 29]. After that, we revealed that the connection is so universal that we can generally define the
decomposition by focusing on the geometry of forces even in systems where conventional methods are not ap-
plicable [19-21, 30]. In this thesis, we discuss the decomposition generally by using the force-current structure.

We also consider the relationship between the force-current structure and thermodynamic trade-off relations.
Thermodynamic trade-off relations refer to inequalities involving the entropy production (rate) and other costs,
such as the variance of an observable (which measures how uncertain the observable is) or the time required to
change a state from one to another, i.e., the speed of a change. The inequalities involving uncertainty are called
thermodynamic uncertainty relations [18, 30—40] and those dealing with speed called thermodynamic speed
limits [18, 30, 39, 41-47]. Thermodynamic speed limits often measure states’ distance by using a sophisticated
measure called Wasserstein distances [19, 30, 39, 45, 46], developed in optimal transport theory, a branch of
mathematics [48]. In this thesis, we derive one kind of thermodynamic uncertainty relation and thermodynamic
speed limits utilizing a discrete analogue of the Wasserstein distance, based on our papers [18-21].

To accomplish the goals of providing a framework and deriving physical results, this dissertation is organized
as follows: The next chapter, Chapter 2, considers stochastic dynamics of continuous degrees of freedom, such
as the Brownian particle, called the Langevin dynamics, which serve as a prototype for understanding the general
force-current structure. We explain the dynamics and how thermodynamics is introduced to them. The concept
of being conservative, which plays a crucial role in this thesis, is introduced via the standard definition of
conservative mechanical forces.

Chapter 3 develops the general theory of the force-current structure. We establish the framework and prove
several facts related to the conservativeness.

Chapter 4 deals with the housekeeping-excess decomposition of entropy production. We review the back-
ground of the method and general statements derived from the force-current structure. In particular, the con-
servativeness distinguishes “essentially” equilibrium systems and nonequilibrium ones and defines the house-
keeping entropy production by how far the system is from the “equilibriumness.”

Chapter 5 is dedicated to thermodynamic trade-off relations. The understanding of this topic has signifi-
cantly been deepened in the last decade; we do not review all of the results, but focus on those derived from
the force-current structure. Our emphasis is put on short-time thermodynamic uncertainty relations and ther-
modynamic speed limits using the Wasserstein distance. We provide a review of these results by the Langevin
dynamics, and then give general proof via the force-curernt structure.

The latter part of this thesis (chapters 6 to 9) considers specific systems, each of which is based on our
papers [19-21] (Ref. [19] includes the results of chapters 6 and 7). All the chapters have a common outline: we
first describe the phenomenological dynamics and explain how they can be (re)written in the form of continuity
equation. Then, we install thermodynamics by making an assumption that represents equilibrium environment,
which is often called the local equilibrium assumption [12], and obtain the entropy production rate and the
thermodynamic force. We prove the system possesses the force-current structure and derive and examine the
results implied by the structure concretely.

The continuous-time dynamics between discrete mesostates, called the Markov jump processes, are the sub-
ject of Chapter 6. While they are one of the most well-studied classes of systems in stochastic thermodynamics,
few studies focus on the continuity-equation representation of the phenomenological equation of motion, the
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Figure 1.1: Schematics of the general results developed in Part I. Arrows indicate that the statements at the tail
jointly lead to that at the head.

master equation. Still, the master equation is written as a continuity equation, where the divergence operator is
given by a matrix that is associated with the graph of the mesostates. Cycles of state transitions are represented
by null vectors of this matrix.

Chapter 7 discusses chemical reaction networks, assemblies of chemical reactions. They have such a similar
framework to Markov jump processes that we can regard them as a generalization of Markov jump processes.
In addition to demonstrating the general force-current structure in chemical reaction networks, we also con-
sider how we can establish nonequilibrium thermodynamics in non-ideal chemical systems by examining ideal
chemical systems.

We consider hydrodynamic systems described by the Navier—Stokes equation in Chapter 8. In this and next
section, we encounter “reversible terms” in phenomenological dynamics, which makes the connection between
dynamics and thermodynamics complicated; however, it is still possible to find the force-current structure. Al-
though there are little studies on the housekeeping-excess decomposition in hydrodynamic systems, the general
framework successfully offers it. Moreover, our decomposition is revealed to have a connection to Helmholtz’
nineteenth century work on minimum dissipation.

The subject of Chapter 9 is open quantum systems. We consider Markovian dynamics expressed by an
ordinary differential equation for the density operator, called the quantum master equation. At the beginning,
we need to find appropriate definition of thermodynamic forces and currents. According to our latest study [21],
we can obtain the force-current structure that is purely quantum, not depending on any specific basis.

We finish the main part with the conclusion in Chapter 10. In this chapter, we provide a table of the key
objects of the force-current structure in specific systems.

Appendix A is dedicated to optimal transport theory [48], which provides the aforementioned sophisticated
distance measure, the Wasserstein distance. In optimal transport theory, the distance between two states is
measured by the transportation cost. The transporation cost has a close connection to the entropy production,
leading to a trade-off relation between speed and dissipation. We explain the optimal transport theory between
continuous probability distributions, and an extension to discrete systems.






Chapter 2

Warm-up through Langevin system

Before we proceed to the general framework, we outline it through a system that is well studied in nonequilib-
rium thermodynamics, the Langevin systems. After reviewing its dynamics and thermodynamics, we consider
their connections. We expect this section serves as a guide for understanding the abstract discussion in Chapter 3.

2.1 Langevin system

2.1.1 Langevin equation

The Langevin dynamics is a Markovian model that describes stochastic motion under thermal noise, e.g., the
trajectory of a colloidal particle in water [49, 50]. The scale separation between the system (e.g., a colloidal
particle) and the environmental media (water molecules) rationalizes the Markovian modeling of the dynam-
ics [4].

Let X € RN denote the coordinates of the system (when the number of particles is one and the spatial
dimension is three, N = 3). We consider the case where the particles are exerted mechanical forces f in a
medium having mobility x4 and diffusion coefficient D. Then, the Langevin equation is given as [4]

dXx

= = uf(X) +V2D¢, @1

where £ is the white Gaussian noise, which satisfies
Gy =0, (&i(D§(t"))y=6;;6(t —1"). (2.2)

Here, (-) indicates the ensemble average ' and &; jand &(-) are the Kronecker delta and the delta function. When
the medium’s inverse temperature is (3, the constants satisify the fluctuation-dissipation relation [51]

4 = BD. (2.3)

Equation (2.1) is sometimes referred to as the overdamped Langevin equation because it is derived by ignor-
ing the inertia in the more detailed description of the stochastic dynamics called the underdamped Langevin
equation.

2.1.2 Fokker—Planck equation

At the trajectory level, i.e., if we track a time evolution of individual X, there is randomness due to the noise
&. However, at the ensemble level, that is, if we consider the probability distribution P(X), it evolves determin-
istically; especially, the Langevin equation (2.1) is known to be equivalent to the Fokker—Planck equation for
probability distributions [52]

%P(X) = -V (uf(X)P(X)) + V - (DVP(X)). (2.4)

"When the coordinate variable X exists in the bracket, we also take the average regarding X over a suitable probability distribution.

7
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Here, V is the differential operator with respect to X. If we define the probability current Jp by
Jp(X) = uf(X)P(X) — DVP(X), 25)

equation (2.4) turns into the continuity equation
0

When we consider Langevin systems, we assume both the probability distribution and the probability current
vanish when |X| — oo.
We call PSS a steady-state distribution or a steady state in short if it satisfies

V. Jpss(X) =0. (27)

Then, the distribution no longer changes and the system becomes stationary. Moreover, the current is called
detailed balanced if it vanishes; this is stronger than the steady-state condition. We define the system to be
detailed balanced if there is a probability distribution 77 where the current is detailed balanced. A steady state
can depend on time if the mechanical force is time-dependent. We call the steady state corresponding to the
mechanical force at the moment the instantaneous steady state.

2.1.3 Ito product and Stratonovich product

In addition to the physical aspects, we here explain some important mathematical properties of the Langevin
equation [50]. Formally, the white Gaussian noise & should be interpreted as the Wiener process. For a time
interval dt, dW := £dt becomes a Gaussian random variable that satisfies

Although this holds for any time interval dt > 0, we assume hereafter dt is sufficiently small and neglect terms
of the order smaller than dt. If dt is so small, we can regard dW,dW; as &;;dt without taking average [50].

The product between a function of X and increments that include dW, such as dX = X(¢t + dt) — X(t), must
be treated carefully. For a given vector-valued function g, the following two products yield different results:

gX) - dX = Y gi(X)dX;, 2.9)
i
gX) o dX := ) gi(X + dX/2)dX;. (2.10)
i
The former one is called the Ito product, while the latter the Stratonovich product [50]. They are different

because

1 @ og;
gi(X + dX/2)dX; = g(X)dX; + 5 ), a—f({(X)dXid)(j .11
Jj J

and dX;dX; will be of the non-negligible order dt.
The advantage of the Ito product is that we can calculate the average easily since we have
(8(X) - dX) = u(g(X) - fF(X))dt +V2D(g(X) - dW)

= w(g(X) - F(X))dt + V2D(g(X)}{dW')
= w(gX) - F(X))dt,

where the second line follows from the fact that dW is independent of X. On the other hand, the Stratonovich
product aligns with the chain rule

dh(X) := h(X + dX) — h(X) = VA(X) o dX (2.12)
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because
ax
h(X + dX/2 +dX/2) = h(X + dX/2) + Vh(X + dX/2) - R

Moreover, the expectation value of g(X) o dX can be computed by

(g(X) 0 dX) = dt f g(X) - Jp(X)dX. (2.13)

It is proved as follows:
(g(X) 0 dX) = (g(X) - dX) + = 3 <%(X)dx-dx.>

= u(g)- SO0yt + 3 3 S o0panan))
= W(g(X) - FOOMIL + DYV - (X
=t [ (50X (4 X)) + DY - g0 PCR)AX

= dt/g(X)-(ﬂf(X)P(X)—DVP(X))dX,

where we used the Langevin equation in the second line, the Gaussian property of dW in the third line, and
performed integration by parts in the last line.

2.2 Thermodynamics

Owing to the scale separation, we may assume that the environment is always in equilibrium [4]. This is often
referred to as the local equilibrium assumption [12]. The fluctuation-dissipation relation (2.3) is nothing but
a consequence of the assumption. Then, we can consider thermodynamics of the Langevin dynamics, i.e., the
first and second laws. The thermodynamic theory of stochatic systems is called stochastic thermodynamics [4,
7]. In addition to the Langevin dynamics, which involves continuous degrees of freedom, there is a discrete
segment in stochastic thermodynamics, which will be explained in Chapter 6.

2.2.1 Firstlaw

We first consider the first law in the Langevin system. We need to consider exchange of energy between the
particles and the bath (hereafter, we refer to the medium (environment) by the bath or the heat bath, emphasizing
its role as a heat reservoir). Sekimoto proposed to define the heat emitted to the bath during a short time interval
dt by [4, 53]

dg = f(X) o dX. (2.14)

From Eq. (2.13), its expectation value is obtained as

(dg) = dt / FX) - Tp(X)dX. (2.15)

Assume we have a potential function U(X; a) with external parameters @. Then, the mechanical force
is decomposable into the conservative force —VU and an external force fX'as f = —VU + f°Xt. We can
influence the system via the parameter a and the external force f*t. By defining the work by dw := 3, U(X; a)-
da + fX(X) o dX, the first law of thermodynamics is established as

dUX;a) = did — dg (2.16)

at the trajectory level.
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2.2.2 Second law

The second law of thermodynamics can also be discussed. Assume the entropy of the system is provided by the
Shannon entropy times the Boltzmann constant kg [7]

S(X) = —kg In P(X). (2.17)

Its average is given by
S ={s(X)) = —kaP(X) In P(X)dX. (2.18)

Thus, the rate of entropy change is provided by

ds oP

= kg f V - Jp(X) In P(X)dX

= —kg f (VInP(X)) - Jp(X)dX, (2.19)

where we used the fact that the derivative of In P(X) will lead to the vanishing term (d/dt) f P(X)dX = 0 and
conducted integration by parts in the last line. Note that the equality of the form (d/dt) f PInP = f(dP/dt)In P
will be used again and again in this thesis, without explicit explanation.

On the other hand, we also need to consider the entropy change in the environment. We assume that the
environment is always in the thermal equilibrium at inverse temperature 8 = 1/(kgT). Then, the entropy change
will be

_dfletnv _ kB5% — kg f FX) - Tp(X)dX. (2.20)

Combining the entropy changes of the system and the environment, we finally obtain the total entropy change

_dS  dSeny

2=t

= f Jp(X) - [kpBf(X) — kgV In P(X)]dX, (2.21)

which we call the entropy production rate (EPR).

The second law of thermodynamics claims 3p is always non-negative; in fact, we can prove this statement,
owing to the local equilibrium assumption. Looking at Eq. (2.21), we think of defining thermodynamic force
F P by

Then, we realize that the thermodynamic force is connected to the probability current Jp by

DP(X)
kg

Tp(X) = Fp(X) = uTP(X)Fp(X), (2.23)
by comparing Egs. (2.5) and (2.22) and using the fluctuation-dissipation relation (2.3). This relation can be
regarded as a kind of the linear relation given in linear response theory [10, 11]. The EPR now reads

>p= f Jp(X) - Fp(X)dX = uT f |Fp(X)|?P(X)dX (2.24)

and it is non-negative as uT and P(X) are always non-negative. It is worth noting that Eq. (2.24) is the squared
norm of the thermodynamic force with uTP(X) being the metric.

We define P to be equilibrium if the EPR vanishes there. From Eq. (2.24), an equilibrium state must satisfy
Fp(X) = 0. Furthermore, Eq. (2.23) shows that being equilibrium is equivalent to the detailed balance Jp(X) =
0.
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Although the thermodynamic force has “force” in its name, it has the dimension of entropy density and
provides the entropy production on the movement from X to X + dX. This is evident once realizing the relation

where ds = s(X + dX) — s(X).

2.3 Conservativeness and detailed balance

2.3.1 Conservative force

When there are no external forces, the mechanical force is provided by a potential function as f = —VU and
the thermodynamic force becomes

Fp(X) = —Vép(X), with ¢p(X) = kg[ln P(X) + BUX)]. (2.26)

We define a thermodynamic force F to be conservative if it is given as the gradient of a potential. We say a
system is conservative if Fp is conservative for every P.
This terminology is consistent with mechanics. Note that the thermodynamic force can be separated as

Fp(X) = Fy(X) — V(kg In P(X)) 2.27)

with F(X) := kg f(X). Therefore, the system is conservative if and only if the mechanical force is conserva-
tive in the sense of mechanics.
With the canonical distribution

N e BUX) U
PN(X) = Z Zg= fe dX, (2.28)
the potential ¢p is rewritten as
P(X
dp(X) = kg In 1%(})0 — kg InZ. (2.29)
Since In Zg does not depend on X, the potential
~ P(X)
¢P(X) = kB In Pcan(X) (230)
also provides the same thermodynamic force,
Fp(X) = —V¢p(X). (2.31)

From this formula, it is evident that the thermodynamic force vanishes when P = P@™, Since the probability
current is connected to the thermodynamic force via Eq. (2.23), it also vanishes then. That is, the detailed
balance holds at P = P2,

When the system is conservative, the EPR is reformed into
3 d can
£p = ~kp 5 DPOIPS)| (232)
ot s=t
where P@"(s) is the instantaneous canonical distribution defined by the potential U at time s, and D is the
Kullback—Leibler divergence

- PX)
D(P|Q) = / P(X) In 525 dX. (2.33)
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This is because
a can aP g
g DEOIPO)_ = [ S o0s0dx
- f (V - To(X))dp(X)dxX
= f Tp(X) - Vgp(X)dX

= f Jp(X) - Fp(X)dX = —3p,

where we used the fact that the derivative of In P results in O in the first line, and did integration by parts in the
third line.
If the system is autonomous (i.e., U does not change in time), Eq. (2.32) becomes

 p= —kB%D(Pnpcan). (2.34)

As the EPR is always non-negative, we see the convergence to the canonical state. The ERP vanishes at the
canonical distribution, which means that P¢@" is the equilibrium state.

2.3.2 Equivalence
We can reorganize the above discussion more formally; we can prove that the following two statements are
equivalent:

(1) There exists a potential 3 such that

Fo(X) = —Vi(X). (2.35)

(2) There exists a probability distribution 7z where the detailed balance holds
J(X)=0. (2.306)
Let us first prove that (1) leads to (2). We can choose 7 as

n(X) = %e—IP(X)/kB with Z = / e ¥X/kedx, (2.37)

which is a probability distribution because it is positive and satisfies the normalization /' 7(X)dX = 1. The
force vanishes at P = 7 because

F,(X) = Fy(X) — kgV In 7(X)
= Fy(X) + V§(X) = 0.

Again, the linear relation (2.23) concludes that J.(X) = 0.
The converse is also shown with the linear relation (2.23). From it, we find F,(X) = 0, that is,

Fy(X) — V(kg In7(X)) = 0,

which shows (X)) = —kg In 7(X) provides Fy(X) in the form of Eq. (2.35).

The equivalence indicates that the system possesses an equilibrium state if and only if it is conservative;
while the equilibrium was defined in terms of the steady-state property, detailed balance, now we have another
characterization with a thermodynamic notion, namely, the thermodynamic force. We can judge whether the
system is an “equilibrium system”, by just looking at the thermodynamic force, without knowing whether the
detailed balance holds in steady states.

The thermodynamic force becomes nonconseravtive if the mechanical force has a nonconservative contri-
bution (in the sense of mechanics), such as an external stir. Alternatively, while now we assume 3, u and D
are constant, their anisotropy can make the thermodynamic force nonconservative [54]. They can prevent the
system from relaxing to the equilibrium and incurr dissipation even in the steady state.
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2.4 Cycle and breaking of detalied balance

While the detailed balance is characterized by the gradient, we can also quantitatively discuss its breaking by
using the adjoint, the divergence. In a steady state, the current satisfies

V. Jpss(X) =0. (238)

If the detailed balance holds, we have Jpss(X) = 0; however, it does not in general. Still, if we assume thatthe
dimension N is 3, we can obtain

Jpss(X) =V XAX) (2.39)

with a vector field A, where X indicates the cross product. That is, the steady-state condition (2.38) generally
implies that the current becomes a rotation.

This is physically natural; if the system is conservative, the system relaxes to a detailed-balanced steady
state, and there are no net current and dissipation. On the other hand, if there is an external driving that forces
the steady state to be nonequilibrium, there should be some cyclic motion that does not change the system in total
but causes certain dissipation. Such a cyclic contribution is represented by the rotation form in Eq. (2.39), or
more generally, the kernel of the divergence. This point of view was introduced by Qian in Ref. [55] to discuss
the nonequilibrium thermodynamics of molecular motors and generalized to higher-dimensional systems in
Ref. [56].

Correspondingly to Eq. (2.39), we may define a cyclic force by

B(X) =V X FPSS(X). (240)

As aresult, we get the formula
Ypss = / A(X) - B(X)dX (2.41)
because
fJPSS(X) - Fpss(X)dX = f[V X A(X)] - Fp(X)dX

- Z € kAKX [Fp(X)];dX

i,j,k
= - € jkAK(X)G;[Fp(X)];dX
ijk
== > | (e j)AX)3[Fp(X)];dX
ik

where ¢ is the Levi—Civita symbol, and we conducted integration by parts in the third line.

Even though the interpretation of Eq. (2.41) is not apparent for the Langevin dynamics, its discrete coun-
terpart, discussed in later sections, is a renowned formula found by Schnakenberg [57] and easily interpreted as
the decomposition of the total dissipation into the contributions from each “cycles.”






Chapter 3

General framework of force-current
structure

This section aims to establish a general framework that includes the author’s research spreading over several
kinds of systems. We have studied nonequilibrium thermodynamics of classicalstochastic systems, chemical
systems, hydrodynamic systems and quantum systems. In particular, we have explored an underlying common
geometric structure of thermodynamic forces and insights it provides to nonequilibrium thermodynamics. Al-
though systems that we can consider are diverse, the important concepts have already appeared in the previous
section: continuity equation, current, thermodynamic force, and their close connection.

3.1 Dynamics and current

3.1.1 Mathematical structure

We always consider the dynamics of an open system coupled to a single or multiple environment(s). The system
can exchange energy or particles with the environments. Let us prepare a mathematical ground to treat such a
dynamics.

We assume the state of the system is described by a variable x that resides in a subset § of a linear space §.
We call §, the state space. If the system’s dynamics are stochastic, we will choose a variable that represents
the ensemble, while if it is deterministic, we will take macroscopic quantities, €.g., concentrations in chemical
systems.

In the Langevin dynamics, x is the probability distribution and 8§y, is a suitable functional space. There is
arbitrariness in choosing §. Naively, § would be the set of normalized positive distributions, but we can impose
only the positivity condition of the distributions. We can regard the normalization property as a consequence of
the equation of motion, rather than what is intrinsic to the system (discussed later).

In addition to the state space 8y, we introduce another linear space for variables such as forces and currents,
F, which we call the force space. We regard each dimension of & corresponds to an elementary process in
the dynamics. Remember that [ Fp(X)]; provides the entropy production by the movement dX; in the Langevin
dynamics. That is, the vector-valued function Fp stores every possible value of entropy production when the
system’s state is given by P. Similarly, we will introduce a thermodynamic force as a map from x € § to an
element in & that stores the information of entropy production.

These spaces are equipped with inner products; we simply write them as (-, -) for both spaces. The spaces
can be real or complex linear spaces, but we conduct general discussion as if they are real for simplicity. It is
not difficult to verify the discussion in the complex case. The spaces should be called the Hilbert spaces rather
than just linear spaces; yet, we do not need to stick to mathematical rigorousness in this point and roughly use
the terminology.

3.1.2 Dynamics

We assume that we can model the dynamics by the following equation of motion

15
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g—)tc = f"(x) + V*J(x). (3.1)
First, f*®(x) is a reversible term, which comes from the system’s internal dynamics and not influenced by the
environment. While it does not exist in the overdamped Langevin dynamics, the underdamped version has a
reversible term [49]. Another example is the unitary term in the open quantum systems (see Chapter 9). Gener-
ally, the reversible term does not cause any dissipation and has little to do with thermodynamics. However, it is
crucial for time evolution, so we need to care about it when considering connections between thermodynamics
and dynamics.

Next, J is a current. It is a map from § to F and provides the occurrence rates of the elementary pro-
cesses. For example, the elements of the probability current [Jp(X)];dt can be regarded as the averaging weight
corresponding to dX; as in Eq. (2.13).

Finally, we have the gradient operator V, which is a linear map from S, to &. Its adjoint V*, the divergence
operator is defined by

(V¥I,¢) = (I, V) (3.2)

forany J € Fand ¢ € §g. When V is the differential operator V, its adjoint will be —V:, where the dot
indicates that it takes a vector-valued function and returns a dot product.

The divergence operator and the current constitute the continuity-equation part of the dynamics. If there is
no reversible term, which is often the case with systems without inertia, the equation of motion becomes purely
a continuity equation as

f}_)tc = V*J(x). (3.3)

We say x55 is a steady state if it satisfies fT¢V(x5%) + V*J(x%%) = 0. When J(x%) = 0 holds, the current is
said to be detailed balanced. Althogh being detailed balanced does not mean being a steady state in the most
general sense, if the system does not have a reversible term, the detailed balance guarantees a steady state. As
is often the case with systems with discrete degrees of freedom, the current J can be expressed by the difference
between a forward and a backward contribution as J = J* — J~. Then, the detailed balance can be understood
as the balance between J* and J~. When the detailed balance is violated in the steady state, it can be called a
nonequilibrium steady state, or in short, NESS.

3.1.3 Conservation laws

The gradient operator usually has a nontrivial kernel (null space). For the differential operator V, a constant
function that returns a constant for any X vanishes when multiplied by V.
We call a vector 4 € § a conservation law if it satisfies

A ff(x)=0 VYx€S, (3.4)
V=0, (3.5)

This is because then (A, x) is conserved:
%u(i), x) = </1(i), ‘;-’;) = (AW, frev) +(VAD, J(x)) = 0.

When there is no reversible term, every null vector of V becomes a conservation law. In the Langevin case,
constant function A, : X — c € R is a conservation law as mentioned. It provides a conservative quantity

(Ao, P) = f cP(X)dX = ¢ f P(X)dX. (3.6)

Therefore, we can regard the normalization /' P(X)dX = 1 as a conservation law emerging from the equation
of motion, instead of an assumption on the system.
We assume that there are a finite number of linearly independent conservation laws and write them as

{A'(i)}izl,. ..,n
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3.2 Thermodynamics and thermodynamic force

3.2.1 Local equilibrium assumption

Next, we consider thermodynamics. To this end, we postulate the local equilibrium assumption [12, 58]. That
is, we assume that the degrees of freedom other than those we focus on relax to the thermal equilibrium very fast.
As a consequence, we expect that there is a consistency between the (remained) phenomenological dynamics
of the system and thermodynamics and thermodynamic functions are well defined with the system’s variable
and a few thermodynamic parameters, such as the environment’s temperature. This assumption is equivalent to
assuming the scale separation between the system and the environment.

3.2.2 Thermodynamic force and entropy production

We assume that we have a thermodynamic force F : § — & that quantifies the entropy production in each
elementary process. It is equivalent to saying that entropy production rate (EPR) 2(x) is given by

2(x) = (J(x), F(x)). (3.7)

Similarly to the continuity-equation form (3.1) being an assumption, Eq. (3.7) is also an assumption. In concrete
systems, we will obtain Eq. (3.7) by evaluating the entropy change in the system dS/dt and the environmental
entropy change Se;,y as we did in Chapter 2. In defining the entropy and calculating Se,,y, local equilibrium will
be required.

The second law of thermodynamics claims that the entropy never decreases. Thus, the EPR given in Eq. (3.7)
must be non-negative; but it is not derived from what we have discussed. We need some relation between the
thermodynamic force and current.

We assume that there is a symmetric and positive linear map 4, : F — F, which may depend on X, that
satisfies

M (F(x)) = J(x). (3.8)

Here, the symmetric and positive property means that (F', M, (F")) = (M, (F"),F") for any F',F" € F and
(F',M(F")y > 0 for any F' € F such that F’ # 0. The positivity implies that #,(F') = 0 only if F' = 0
because otherwise (F’, M, (F")) = 0 even though F’ # 0. The symmetry and positivity naturally lead to an
inner product

(F', F")x = (F', M (F")) (3.9)

and the induced norm ||F’|, := y/(F’, F"),. The existence of ./, ensures the non-negativity of the EPR; we can
rewrite Eq. (3.7) as

2(x) = [F()II3, (3.10)

which is obviously non-negative. This expression will be the starting point of the discussion in Chapter 4. For
convenience, we call Eq. (3.8) the Onsager relation, as it generalizes a similar relationship in linear response
theory found in Onsager’s papers [10, 11].

We call x®9 an equilibrium state when %(x®9) = 0 holds. It is obvious that x4 is an equilibrium state if the
current is detailed balanced J(x9) = 0. The converse is ensured by the Onsager relation: X(x®9) = 0 implies
F(x®9) = 0 because of Eq. (3.10), which further means J(x) = 0 due to the Onsager relation (3.8).

In the Langevin dynamics, the current and the thermodynamic force are acutally connected as in Eq. (2.23),
where /L, is the multiplication of uTP(X), which is provided by x = P(X) and the environment’s parameters,
pand T. In general, J#,, is expressed by x and some parameters associated with the local equilibrium property
of the environment.

Equation (3.8) usually follows from the local equilibrium assumption. In particular, it leads to a connection
between kinetics and thermodynamics, often referred to as a local detailed balance. It takes various forms; the
fluctuation-dissipation relation (2.3) can be seen as a kind of local detailed balance.
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We call the above structure involving dynamics and thermodynamics the force-curernt structure. We provide
the summary below.

Force-current structure
1. Equation of motion is written with current and gradient

g_)tc = fTV(x) + V*J(x) or g_)tc = V*J(x) (3.1)/(3.3)

2. Thermodynamic force gives entropy production rate as
2(x) = (J(x), F(x)) (3.7
3. Positive and symmetric linear map connects force and current

M (F(x)) = J(x) (3.9)

3.2.3 Alternative of the force-current relation

We make an advanced remark about the Onsager relation (3.8). Now, the thermodynamic force is mapped to
the current by a linear map, which enables us to write the EPR as a squared norm. However, we can choose
a nonlinear map, which then provides the EPR by the divergence between forces. Such a method has proven
useful in systems with discrete degrees of freedom [59, 60], but we do not discuss these results in this thesis.

3.3 Conservativeness and detailed balance

As in the Langevin dynamics, we can discuss the connection between conservativeness of thermodynamic forces
and detailed balance. However, deducing a general result like the equivalence between conservativeness and
detailed balance on the most general ground is challenging. Still, additional (technical) assumptions enable us
to reproduce the proof in general. This point was loosely treated in our previous studies [20, 21], so here we try
to rigorously identify the conditions to generally obtain the equivalence.

3.3.1 Assumptions

Here, we make two assumptions:

Assumption C1. Thermodynamic forces are always written in the form
F(x) = F — Vo(x) (3.11)

where Ky € F is independent of x and ¢ : & — & is bijective.
Assumption C2. For any ) € §y and x € §, there is a solution u € R" to the equations

g6 9) = (10,0719 = 3, wid®)) = (4D, ). (3.12)
i=1

The first assumption, C1, is realized with Ky = kgB f(X) and ¢(x) = kg In P(X) in the Langevin dynamics
(note that here the probability distribution P(X) plays the role of x). The bijectivity is guaranteed because now
§ is all the positive distributions rather than normalized positive distributions.

The second condition means we can find a state of the form ¢~1( — Z?zl w;AD) that satisfies the conser-
vation laws. To the best of our knowledge, this condition cannot be reasonably loosened and we need to check
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if it holds in each case. In the Langevin dynamics, this equation reads

o) = f B —llkn g = 1 (3.13)

for u, and it is solved by
u=kgln f e¥X/ksgx (3.14)

With this u, el¥@)-1l/ks hecomes a normalized probability distribution. More nontrivial examples are provided
in later sections (specifically, in Sec. 6.3.4, Sec.7.2.4, and Sec. 9.2.4, and in an example in Sec. 9.5.2).

3.3.2 Equivalence

We define a thermodynamic force to be conservative if it is provided by
F=-V¢ (3.15)

with a potential ¢ € §. A system is said to be conservative if for any x € 8, there is a potential ¢(x) such that
F(x) = —V¢(x). Given assumptions C1 and C2, we can prove that the following statements are equivalent:

(1) There is a potential i € 8 such that Fy = —V.
(2) For any x € S, there exists 77 € § such that J(r) = 0 and (A, ) = (AD, x) for all i.

Let us show (1) = (2). We choose 7 as
7 =g (p+ D ud®), (3.16)
i

where u is the solution to
gi(u: ) = (A9, x), (3.17)
which exists due to the second assumption. Then, we have
F(m) =k —Vo(r) =k - V§ =0,

where we used VA®) = 0 in the second equality. Therefore, we find J(rr) = 0 because of the Onsager relation.
The converse is immediately proved as follows: J(7r) = 0 implies F(7r) = 0 because of the positivity of 4
as already discussed. Then, we find

Fy = Vo(r)

since F() = Fy — V(7).
If assumption C2 is not satisfied, we can only prove that (1) is equivalent to

(2’) There exists 7 € § such that J(7r) = 0.

That is, for a given initial state, it will no longer be guaranteed that there is an equilibrium state that has the
same values of the conserved quantities.

The implication of the equivalence does not change from the Langevin case: whether the system is an
equilibrium system can be judged not only from the dynamical point of view, but also by the thermodynamic
criterion, i.e., whether the thermodynamic force is conservative or not. In concrete systems discussed in the
following, the equivalence is obtaiend once we prove that the two assumptions are satisfied.
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3.4 Cycle and breaking of detailed balance

Finally, we generically define cycles by the kernel of V*. A currentJ € F is defined to be a cycle if it satisfies
V*J = 0. For example, a steady-state current becomes a cycle when there is no reversible term. Cycles
correspond to currents that break the detailed balance and represent motions that do not cause any change in
total but incurs certain dissipation.

Since the kernel of V* is a linear space, it can be expressed as the image of another operator J” that maps some
space into & and identically satisfies V*J~ = 0. Let a steady-state current J(x%%) be written as J7(j.). Physically,
J 1s interpreted as providing the occurence rate of each cyclic motion. Then, if we define the thermodynamic
force on cycles as

Jo = TH(F (X)) (3.18)
with the adjoint 7, the EPR reads
2(x%%) = (oo fo)- (3.19)

As explained later, this is the generalization of the formula given by Schnakenberg [57].



Chapter 4

Housekeeping-excess decomposition

The geometric housekeeping-excess decomposition is one of the most crucial consequences of the general
framework presented in the preceding section. In this chapter, we provide a brief introduction to the housekeeping-
excess decomposition and reveal its intimate connection to the force-current structure and conservativeness.

4.1 Review

In this section, we review the history of the housekeeping-excess decomposition of EPR. We describe the mo-
tivation of the decomposition and two famous formulations: the Hatano—Sasa and the Maes—Neto¢ny decom-
position.

4.1.1 Breaking and recovery of the second law
For equilibrium states A and B, we can obtain the entropy difference by measuring heat quasistatically

T .
AS = S(B) - S(A) = lim f %dt, (4.1)
0

where q is the heat flux into the system per time and T is the bath temperature [61]. For a finite-time protocol,
we have instead the Clausius inequality

T .
AS > / 4 4, 4.2)
T

which is a form of the second law of thermodynamics.
On the other hand, if the system is externally driven to be out of equilibrium and there is a heat flux even if
the system is in a steady state, the quasistatic limit causes divergence

T .
fo %dt—> o0 (4.3)

and we cannot measure the entropy difference.
In Ref. [22], Oono and Paniconi proposed to subtract the housekeeping heat ™ from ¢ to obtain the excess
heat ¢°* and recover the formula (4.1) as

T qex
AS = lim f —-dt. (4.4)
T Jo T
In general, we can expect the generalized Clausius inequality
T Ge*
AS > Tdt (4.5)

0
and the steady-state version of the Clausius inequality for the housekeeping heat

qhk
-1 _>o. 4,
T 2 0 (4.6)

21
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4.1.2 Hatano—Sasa decomposition in Langevin dynamics

The first concrete atempt to define the housekeeping and excess heats was provided by Hatano and Sasa in the
overdamped Langevin dynamics [23]. At the trajectory level, they define the housekeeping heat flux as

GMOHSdt = —TFpss(X) o dX, 4.7)

where HS stands for Hatano—Sasa and PSS is the instantenous steady state. Remembering the definition of the
thermodynamic force (2.22), we can rewrite it into

GkHS g = — F£(X) 0 dX + f~1V In PSS(X) o dX. (4.8)
Given the definition of heat (2.14) (note that there the sign of heat is opposite), we obtain the excess heat
GEHSdr = _B-1V In PS(X) o dX. (4.9)

For the Langevin dynamics, we can prove the inequalities in Egs. (4.5) and (4.6) at the ensemble level. Let
us check Eq. (4.6) first. This proof'is given in Ref. [29]. By taking the average, the housekeeping heat becomes

(gMeHSy = —T f Fpss(X) - Jp(X)dX. (4.10)
Equation (4.6) is proved if we can rewrite this equality into

(¢MHS) = —uT? f P(X)|Fpss(X)|?dX. (4.11)
This is proved as follows: first, we have

[ PEOF0 - (B3) ~ Fprs0)X =0 @.12)
because
FiX) = Fp(X) = ¥ In 20, =~k v ( 250 )
and
f P(X)Fpss(X) - (Fp(X) — Fpss(X))dX = —k f PROOFps(X) - 9 ot Jax
=2 (19 Il middx =0,

where we used integration by parts in the last line. Then, Eq. (4.11) follows from the calculation
TfFPss(X) -Jp(X)dX = MTZfP(X)FPss(X) - Fp(X)dX
= u1? f P(X)Fpss(X) - (Fpss(X) + Fp(X) = Fpss(X))dX
= u1? [ POOIF(X)PAX,
Next, we consider the generalized Clausius inequality (4.5). The averaged excess heat is given by
(@) = -~ f [VIn P(X)] - Jp(X)dX

_ g / In PS(X)V - Jp(X)dX,
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where the second line is obtained by integration by parts. Since the time derivative of the Shannon entropy is
provided as (see Eq. (2.19))

ds

5= —kg f (VInP(X)) - Jp(X)dX,

we have

ds <qex,HS> 3 P(X)
S ey S f [vin o] - s

_ f [Fp(X) — Fpss(X)] - Jp(X)dX.

From Egs. (2.23) and (4.12), we further obtain

Q B <qex,HS> 3

I T uT / P(X)|Fp(X) — Fpss(X)|?dX, (4.13)

which shows that Eq. (4.5) holds at every moment.
In summary, we have two non-negative quantities

<qhk,HS>
S f Fpss(X) - Jp(X)dX, (4.14)
ex,HS
ds_@=h f [Fp(X) — Fpss(X)] - Jp(X)dX., (4.15)

and they sum up to the total EPR as

_ <qhk,HS> [ ds <le,HS> ]
Yp=— T T T . (4.16)

Therefore, it is reasonable to define the housekeeping and excess EPRs as
ShGHS - f Fpss(X) - Jp(X)dX (4.17)
ot - f [Fp(X) — Fpss(X)] - Jp(X)dX. (4.18)

We call the decomposition 3p = ng’HS + 2163X’HS the Hatano—Sasa (HS) decomposition. Since the HS excess

EPR vanishes when the system changes adiabatically following the steady state closely, it is sometimes called
the non-adiabatic EPR [5, 6]. They are defined solely with the current, thermodynamic force, and the steady
state, so we can generalize them to the general force-current structure.

It is worth noting that the definition (4.18) can recover the formula (2.32) without detailed balance; the HS
excess EPR is provided as

SEOHS - —kB%D(P(t)nPSS(s))( : (4.19)
s=t

It is easily proved as

PX) o _
PSS(X)dX = kaV JP(X) In

P(X)
Pss (X)

P(X)
pss (X)

ks 5O =~k [ S0 ax

= _kB fJP(X) -Vin dX = kB fJP(X) . [FP(X) —Fpss(X)]dX.

Equation (4.19) implies not only the convergence to the (instantaneous) steady state but also the limitation of
the Hatano—Sasa decomposition as discussed in Sec. 4.2.
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4.1.3 Maes—Netocny decomposition as an alternative

Another proposal of decomposition was given by Maes and Netocny (MN) thirteen years after the Hatano—Sasa
decomposition [25] in relation to the so-called minimum entropy production principle [62]. They define the
MN housekeeping EPR as

ShicMN . i{blf,uT f IFp(X) — (—V(X))[?P(X)dX. (4.20)
. <hk,MN . . . & seX,MN .
It is easy to see that Xp is non-negative and not bigger than Xp; thus, the MN excess EPR 25 is defined
by
SEOMN . 3, — ShlMN (4.21)

and becomes non-negative. They also show that the excess EPR follows
SeeMN igf/xT ] IVY(X)PP(X)dX s.t. uTV - (PX)VH(X)) = V - Jp(X). (4.22)

Therefore, the MN excess EPR can be interpreted as the minimum EPR to induce the time evolution by conser-
vative force.

We can relate them to the Clausius inequality as follows. Let ¢* be the optimizer of Eq. (4.22). We first
confirm the relaion

SEOMN — _ f P*(X)V - Tp(X)dX. (4.23)
This is because
MTj|V¢*(X)|2P(X)dX= —MT/W(X)V[P(X)V¢*(X)]dX
—- [ w0V sxax

where the second line comes from the condition in Eq. (4.22). Then, we define the pseudo-canonical distribution
PP€ by

pre(x) = DX T (X)e_;*(x)/kB, Z = f P(X)e ¥ X/ksgx, (4.24)
to rewrite the potential into
P*(X)/kg = nP(X) — InPP¢(X) — In Z. (4.25)
If we define the stochastic MN excess heat by
GMNGt .= —B71V In PP(X) 0 dX (4.26)
similarly to Eq. (4.9), we get
(geXMN)
= —kg f V In PP¢(X) - Jp(X)dX. (4.27)
Therefore, we obtain
SERMN _ ds  (g=MN) (4.28)

T dr T
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because

ds  {(g=MN) P(X)
E — T = _kB Vin PPC(X) . JP(X)dX

- [ v sxax
—- [ w0V spxax
and the last line provides the MN excess EPR as in Eq. (4.23). Finally, we see that the inequality

SEOMN 5 o, (4.29)

which is always valid by definition, provides an extention of the Clausius inequality with the definition of excess
heat as in Eq. (4.26).

At this point, defining the housekeeping and excess EPRs is only to provide the generalized Clausius in-
equlaity in a concise form. In this sense, the HS and MN decompositions are not so different. However, as
discussed in the next section, decomposing EPR has another aspect; the decomposed portions can be seen as the
contributions from distinct aspects in the whole dynamics. That is, the housekeeping EPR stems from the exter-
nal driving that brings the system away from equilibrium, while the excess represents the minimum dissipation
without futile cyclic motion. This point of view is no longer associated with any steady states and captured
much better by the MN decomposition.

4.2 Geometric decomposition from the force-current structure

The two definitions can be extended to various systems based on the force-current structure. Essentially, the
generalization of the HS decomposition has been done by 2010’s; on the other hand, the generalizability of the
MN decomposition had not been realized until we and another group found it independently [19, 59].

4.2.1 Drawback of the HS decomposition

Although it is not so obvious which expression of the HS excess and housekeeping EPRs in the Langevin system
to refer to when generalizing it, they are usually generalized based on the expression in Egs. (4.17) and (4.18)
as [5, 6, 24, 26, 27, 63, 64]

EPOIS(x) = (J(x), F(x*%)), (4.30)
SEOHS (x) = (J(x), F(x) — F(x*5)). 431)

They obviously divide the total EPR (defined in Eq. (3.7)) as
¥(x) = hOHS(x) 4 3iexHS (), (4.32)

which is the generalized HS decomposition.

Although this definition has been widely adopted in various types of dynamics such as Markov jump pro-
cesses [5], chemical reaction networks [26, 27], and open quantum systems [24, 63], their positivity is not
guaranteed by the force-current structure. In fact, the HS excess EPR can be negative even if there is a stable
steady state [59, 64]. As discussed in Chapters 7 and 9, the steady state in the definition should satisfy some
conditions, which requires the steady state to be similar to equilibrium states.

In addition, the definition explicitly depends on the steady state; this has two problems. First, in nonlinear
systems, we may have multiple (locally) stable steady states [65, 66], or may not have meaningful steady states
due to limit cycles and turbulence [66—70]. Hence, the HS decomposition does not work in these physically
important systems. In addition, the HS decomposition and related decompositions [71, 72] involve steady states,
or in other words, long-time behavior. In this sense, the decomposition is not “local in time.” This can make
the HS decomposition less competent for analyzing the rate of dissipation.
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4.2.2 Geometric decomposition

We can avert these problems by generalizing the MN decomposition. The generalization presented below was
studied in our series of papers [19-21]. We first developed a geometric decomposition that generalizes the MN
decomposition to Markov jump processes and chemical reaction networks in Ref. [19]. Another group also
found a similar generalization at almost the same time independently [59]. We then moved to hydrodynamic
systems [20] and Markovian open quantum systems [21] and established the geometric decomposition there. In
the following, we explain the geometric decomposition based on the force-current strucute. We argue concrete
realizations in later chapters.

We can think of a geometric decomposition by comparing Eq. (4.20) with the geometric expression (2.24).
We define the housekeeping EPR by

hk(x) := inf |F(x) — F'|2. (4.33)
F'e€
Here, € is the space of the conservative forces, defined by
C={-Vy|pes}cF (4.34)

As discussed in Sec. 3.3, if the thermodynamic force is conservative, the system is an equilibrium system.
Equation (4.33) provides the squared distance between the actual thermodynamic force and the conservative
spaces, hence it quantifies how nonequilibrium the system is. In other words, the housekeeping EPR is the
dissipation due to the breaking of detailed balance. If the system is detailed balanced, there is no houskeeeping
dissipation.

The housekeeping EPR is always non-negative by definition and never larger than the total EPR as F' = 0,
which returns X(x), falls into the feasible set of minimization. Thus, defining the excess EPR by

$eX(x) == 3(x) — 3PK(x), (4.35)
we obtain a non-negative decomposition of the EPR,
3(x) = ZhK(x) + Z%(x), (4.36)

which we call the geometric decomposition. The geometric decomposition overcomes the problems of the
HS decomposition as the excess EPR is also always non-negative and the decomposition does not rely on the
existence of steady states. All it needs is the force-current structure.

Next, we prove the equality

2% = Inf P} st VAIL(F) = V), (4.37)

which generalizes Eq. (4.22). From this expression, we can learn an important meaning of the excess EPR. It
can be rewritten in terms of current as

£%(x) = Inf (M) st VA = VA, (4.38)

where J 5! is the inverse of /.. That is, the excess EPR generally characterizes the dissipation that is required
to induce the irreversible part of the dynamics, V*J(x). If there is no reversible part in the equation of motion,
it is connected to the whole dynamics, and consequently, vanishes in a steady state,

$eX(x55) = 0, (4.39)

which is realized by J = 0 in Eq. (4.38). This corresponds to the equality in the generalized Clausius inequality
and is always valid in the HS decomposition. On the other hand, if we have a reversible part, the connection to
the stationarity becomes subtle; we will not generally obtain such an equality. It can be seen as another devia-
tion from the original idea by Oono and Paniconi, which does not exist in the HS decomposition; nevertheless,
the excess EPR of the geometric decomposition never becomes negative to hold much wider range of applica-
tion. Moreover, it has richer connections to other fields such as thermodynamic trade-off relations and optimal
transport theory, as discussed in later chapters.
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Before proving Eq. (4.37), we consider the orthogonal complement of ‘6 regarding the inner product (3.9).
If a vector F’ belongs to the orthogonal complement 6+, it satisfies

0 =(F', Vi) = (&, VML (F")) (4.40)
for any ¥ € §y. Thus, the orthogonal complement is given by
Gt ={F € F| V*M(F") =0}. (4.41)

In terms of the corresponding current J' = M, (F"), we can interpret this space as the forces that induce cyclic
currents, which satisfy

V*I' = 0. (4.42)
Additionally, we define the affine space
F(x)+ 6+ ={F' € F| V*Jl,(F — F(x)) = 0}. (4.43)
If a vector F” belongs to this space, the corresponding current J” = 4 ,.(F") satisfies
VA" = V*(x), (4.44)

which indicates that the two currents lead to the same dynamical result and that we can get one by adding or
subtracting cyclic currents to/from the other.

We show Eq. (4.37). Let F* be the minimizer of Eq. (4.33) (see also Fig. 4.1, where F.(x) corresponds to
F*). It is the unique minimizer because Eq. (4.37) is a strictly convex optimization. It also possesses these
properties

1. F* € F(x) + 6*.
2. F* is the unique intersection between 6 and F(x) + 6*.

3. F* =ar min  |F’|3.
gF'eF(x)+<€i|| I

Once they are confirmed, Eq. (4.37) is soon verified: By definition of 6+, the right-hand side is rewritten as

inf _|F'|I3, 4.45
F,E;&H%II 1% (4.45)

which is solved by F* from property 3. It is actually the excess EPR because the total EPR is transformed as
2(x) = [F()l3 = IF(x) = F* + F*|
= |F(x) = F*|3 + IF¥[13 + 2(F(x) — F*, F*),
= |F(x) = F*|% + |IF*[%

and |F(x) — F*|) is the housekeeping EPR. Here, we used F(x) — F* € €* and F* € 6.

Although the properties are standard results of linear algebra and functional analysis, here we provide rough
proof (if you are convinced by looking at Fig. 4.1, you can skip the following proof and jump to the last para-
graph). Let us show the first property, i.e., that it satisfies

(F(x)—F*,F'), =0 (4.46)

for any F’ € 6. Otherwise,

(4.47)

’ ’ <F(X)—F*,Fl>
IEGO) — F* — aF'|2 = |F(x) — F*|2 + |F ||§a(a - )

1dE:
can be smaller than ||F(x) — F*||2 by setting

L _ (F) = F"F),
2P

(4.48)
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Orthogonal F(x)
complement

C@J_

E, .(x
$(x) = [FGo)|2 nc(X)

. SPE(x) = B ()12
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€

EX(x) = IR

| B0 = -V ()
I

Figure 4.1: Schematic diagram of the geometric decomposition. On the one hand, we can see that the thermo-
dynamic force is orthogonally projected to the conservative subspace 6. The projected (conservative) force
F.(x) = —V¢*(x) provides the excess EPR. The difference (nonconservative force) F,.(x) leads to the house-
keeping EPR. On the other hand, the nonconservative force F,.(x) can be regarded as providing the distance
between the origin (zero force) 0 and the affine space F(x) + 6. This interpretation corresponds to Eq. (4.37).
This figure is adapted from Ref. [21].

because then

_ (F(x) = F*, F'),)?

IF(x) — F* — aF'||% = |F(x) — F*|2
* * 4)|F'|13

<|IF(x) = F*|I3, (4.49)

which contradicts the minimization property of F*.

To show the second property, the uniqueness, we assume there exists F’ that also belongs to the intersection
EN(F(x)+61). Then, F' —F* € €N 6*. Therefore, |[F' —F*|2 = (F' —F*,F' —F*),, = 0, which concludes
F’' = F*. Thus, F* must be the unique intersection of € and F(x) + €*.

We finally show the third property. Take F’ € F(x) + 6. Then, because F* € € and F’ — F* € 6+, we
get

IF'|% = IF" — F* + F*|} (4.50)
= IF" = F*|3 + IF*|% + 2(F' — F*, F*)x (4.51)
= IF" = F*|% + IF*|%- (4.52)

Therefore, ||F’|| is bigger than |[F*||2 as long as F’ # F*; thus, F* is the unique optimizer of the minimization
infrrepo+ L IF 13-

In summary, the geometric decomposition divides the total EPR into the housekeeping and excess EPRs pro-
vided by minimizations as in Egs. (4.33) and (4.37), which provide orthogonal projection of the thermodynamic
force. Those minimizations are accomplished by a unique optimizer. The situation is depicted schematically
as in Fig. 4.1, which roughly shows the validity of the three mathematical properties. Hereafter, we write the
optimizer as F.(x) since it belongs to the conservative subspace €. We also let F,.(x) denote the difference
F(x) — F.(x) (nc stands for “nonconservative™). As a result, we obtain the explicit representations of the de-
composition

EPE) = B3, (4.53)
Z(x) = RO (4.54)

The induced currents J.(x) = 4 (F.(x)) and J,,o(x) = M, (F,.(x)) satisfy

V¥(x) = VJI(x), V*I.(x)=0 (4.55)
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because F,.(x) € 6*. The conservative force has a potential ¢*(x) such that F,(x) = —V¢*(x). Combining it
with the first equation in Eq. (4.55), we find

VML (V§*(x)) = —VI(x) = —C;—’t‘ + freV(x). (4.56)

In practice, this equation can be used to obtain the decomposition directly. Up to the null space of V, V¥4,V
tends to be an invertible operator, and we can derive an explicit expression

¢*(x) = =(V*, V) (VI(X)), (4.57)

where + indicates a kind of generalized inverse.

4.2.3 Maximization formula

In addition to the minimization representations, the geometric decomposition also has maximization expres-
sions:

: F(x),F')|?
$PK(x) = sup M (4.58)
reet  |F'lx
o2
>X(x) = sup M (4.59)
reg  |F'x
The total EPR can also be given similarly as
: F(x),F')|?
£(x) = sup O (4.60)
reF  ||F'|lx

Those formulas are proved by the Cauchy—Schwarz inequality. We first show Eq. (4.60). For any F' € &, we
have

(FQ), F)x? < IFIIFGONE (4.61)

and the equality is acheived by F’ = F(x). By dividing both sides by ||F’||2 and considering the maximization
regarding F’, we obtain Eq. (4.60).
If F' is restricted to 6, since (F,.(x), F'), = 0, we have

KF(), F')x > = KE%), F' ) * < IF'IZIERGONZ (4.62)
and the equality can be acheived by F' = F.(x), which implies Eq. (4.59) because 2®*(x) = ||E.(x)||2. Equa-
tion (4.58) is also given in the same way by restricting F’ to 6+.

4.2.4 Schnakenberg formula

In section 3.4, we proved Eq. (3.19) for steady states. It was key that the steady-state current is expressed by an
operator J” that characterizes the cycles. Now, the nonconservative current J,.(x) = 4 (F,.(x)) also satisfies

V¥Ihe(x) = 0. (4.63)

Therefore, there is jz such that J,.(x) = T( jZ ). We also define
= T (Fe(x)) (4.64)

to obtain the generalization of the Schnakenberg formula (3.19)
() = Gé £, (4.65)

While the original equality is only available in a steady state, Eq. (4.65) holds in any state. This is because the
housekeeping EPR reflects the nonequilibrium aspect of the system at the moment.

We expect the formula for the housekeeping EPR can be useful for analyzing nonequilibrium nonstationary
states, as the cyclic point of view provided by the original Schnakenberg formula has offered insights into
nonequilibrium steady states [73-76].






Chapter 5

Thermodynamic trade-off relations

Arguably, various thermodynamic trade-off relations are one of the biggest achievements of modern stochastic
thermodynamics [7, 9]. It reveals universal trade-offs between the entropy production, the fundamental “cost”
in physics, and other costs like accuracy or speed.

In this chapter, we illustrate general ideas by reviewing relevant results in Langevin systems, and explain
that the force-current structure can be used to generally discuss them.

5.1 Review

5.1.1 Overview

The second law of thermodynamics is generally stated as
3(x) > 0. (5.1)

The inequality expresses that the total entropy of the universe must not decrease at every instance. Importantly,
it provides a universal restriction to any physical processes.

The equailty is achieved when we manipulate the system very slowly, i.e., quasi-statistically. On the other
hand, one cannot deduce any information about finite speed processes other than the inequality, which becomes
looser as the process gets faster. Moreover, as discussed in the last chapter, if there are external effects that break
detailed balance, the equality will never be achieved. Still, we can tighten the inequality by the housekeeping-
excess decomposition as we have seen.

There is another direction. In the last decade, stochastic thermodynamics has found several universal bounds
that generalize the second law of thermodynamics. For example, the thermodynamic uncertainty relation (TUR)
is a lower bound on the EPR, typically provided as

(x) > g (5.2)

with a flow j and a diffusivity or fluctuation measure D. The inequality quantitatively shows that the dissipation
is inevitable when (1) we want to gain a flow j and (2) we want to reduce fluctuations D.

It was first proposed in a simple model of stochastic reaction in a steady state [31, 36], and later proved
for general Markov jump processes in steady states [32, 77]. Following these findings, the TUR is extended in
several directions, including inequalities for processes starting form arbitrary initial states during an arbitrary
time interval, in both classical and quantum systems [19, 28, 29, 34, 35, 37, 39, 40, 60, 77-90]. We proposed
its generalization in deterministic chemical reaction networks [18].

The TUR can be practically useful: First, it leads to trade-offs between power and efficiency [91, 92]. These
results go beyond Carnot’s bound on the efficiency of heat engines [61]. Moreover, it can be used to estimate
the value of EPR, which is difficult to directly measure [37, 85, 93, 94].

Another type of trade-off is the thermodynamic speed limit (TSL); it is typically given by

S, = rfT 2(x,)dt > D(x(0), x(1))?, (5.3)
0

31
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where 7 is a time interval and D(x(0), x(7)) is a length between states. It indicates that to change a state into
another one distant from it by D(x(0), x(7)), we cannot simultaneously decrease the time and EPR.

A general speed limit involving entropy production was first given in Ref. [41], which used the total vari-
ation as the distance measure. Similar bounds were derived in open quantum systems [43], chemical reaction
networks [ 18], and evolutionary processes [95]. After that, it has been realized that we can utilize a more so-
phisticated distance, called the Wasserstein distance [19, 28, 29, 39, 44-46, 60, 96-99] (earlier applications to
stochastic thermodynamics can be found in Refs. [100-102]). The Wasserstein distance is studied in optimal
transport theory, a branch of mathematics [48]. These bounds are sometimes called classical speed limits in
comparison with the quantum speed limit [103—106] or speed limit theorems [107], but we call them thermo-
dynamic speed limits to emphasize that they involve the fundamental thermodynamic cost, entropy production.

In this section, we review these relations more concretely via the Langevin dynamics. Then, we will reveal
how they can be derived from the force-current structure.

5.1.2 Thermodynamic uncertainty relation

Let us consider an observable O(X) and its expectation value

(0) = f OX)P(X)dX. (5.4)
In an infinitesimal time interval dt, the observable changes as
dO =0X+dX) - 0X) =VO(X) o dX, (5.5)
where we used the chain rule (2.12) to obtain the last equality. We also have
((dO)?)y = 2D{|VO(X)|*)dt (5.6)

up to the leading order (hereafter we neglect terms of order smaller than dt). Therefore, the average and variance
of the change are given by

(dO) = dt f VOX) - Jp(X)dX, (5.7)
Var(d©) = dt 2D f IVOX)|?P(X)dX, (5.8)

where Var is the variance and defined by (d©9?)—(d9)?. We find that (d©)/dt corresponds to the time derivative
of (O):

%(O) = fO(X)%(X)dX= —fO(X)V-JP(X)dX

= fV(?(X) - Jp(X)dX. (5.9)
We also define the diffusivity Dy by
. Var(dO) _ )
D := dltlglo T Df IVOX)|*P(X)dX. (5.10)

If O = X;, Dx, becomes the diffusion constant D. In general, Dy quantifies how easily the observable diffuses,
1.e., becomes uncertain.
The changing rate d,{Q) = d{(O)/dt and the diffusivity yield the lower bound on the EPR [80]

CRLD

 p > kg Do

(5.11)
We call this kind of lower bounds on the EPR short-time TURs. The short-time TUR indicates a univeral trade-
off between the dissipation Xp and the diffusivity relative to the changing rate; i.e., if we want to keep the
dynamics accurate, we need dissipation.
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The short-time TUR is proved by just applying the Cauchy—Schwarz inequality to d;(O):

2
(o = f vOX) - ()

Tp(X )I2
DP(X)

f |IVO(X)|?DP(X)dX f dx

= Dof gJP(X) FP(X)dX = ED@EP,

where we used Eq. (2.23) in the third line.
In the Langevin dynamics, we can extend the short-time TUR in two ways. First, the observable can depend

on the trajectory rather than the instantaneous state. We consider a current-like observable with weight w defined
by

dd, = w(X) o dX. (5.12)

By replacing VO in the above proof with w, we can generalize the inequality to current-like observables as

>p> kg %‘)2, (5.13)

where
() = lim ) _ f w(X) - Jp(X)dX, (5.14)
Dy, = lim Varz(dg“’) f lw(X)[2P(X)dX. (5.15)

The short-time TUR for the state-dependent observable O is derived by setting w = V. Thus, the lower
bound in Eq. (5.13) is more general than that in Eq. (5.11). However, we should be aware that to measure the
current-like observable experimentally, we need to obtain two-point statistics, which is harder to know than the
moments of observables that are determined by the instantaneous state.

Second, the EPR can be replaced by the excess EPR as

IP > kg

2
(dté?) ) (5.16)

Let 1* be the potential that provides the excess EPR (Sec. 4.1.3). Since it satisfies V - Jp(X) = —uTV -
(PX)Vy*(X)), the proof of the short-time TUR can be recast as

@y =(- [oxv. 100X
= (,uT f OX)V - (P(X)Vz,b*(X))dX>2
= (- f (UTPX)VO(X) - Vz,b*(X)dX)z
< [urraowowpdx [ urraoivyeopdx

1

= k—BDOzle;X

where we used the Cauchy—Schwarz inequality with uTP(X) being the metric in the fourth line. Because the
excess EPR is never larger than the total EPR, Eq. (5.16) also tightens the short-time TUR (5.11).
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5.1.3 Thermodynamic speed limit

Next, we consider transforming an ensemble P,(X) to B,(X). Optimal transport theory provides us with a dis-
tance function, called the Wasserstein distance, in terms of transportation as [48]

WP, R) = 1Ef\/ff |X — Y]2II(X, Y)dXdY, (5.17)
where IT must connect the two distributions as
/H(X, Y)dY = B(X), /H(X, Y)dX = B(Y). (5.18)

We will provide a detailed introduction to optimal transport theory in Appendix. A. One key point of the Wasser-
stein distance is the following expression called the Benamou—Brenier formula [48, 108]:

T
W(B,B) = ing\/ff fp(t,X)|V1p(t,X)|2dth (5.19)
p, 0
with conditions

PO =B p@=h LX) =~V (p(t,XVH(EX). (5.20)

Note that the time evolution of the actual distribution P(¢) can satisfy these conditions when we set P, = P(0)
and B, = P(7); we can use the potential {* that provides the excess EPR (Sec. 4.1.3) because it satisfies

P (X) = —uTV - (PEOVH*(X). (5.21)

With the actual trajectory of the distribution and the potential ¢*, we get the upper bound of the Wasserstein
distance

T
W), P(D) < J [ [ Pexwy0pdxd: (522
0
Here, remember that the potential provided the excess EPR as
S = uT f P(X)|VY*(X)|?dX. (5.23)

Therefore, the inequality turns into a lower bound on the excess entropy production (EP)

T
: W(P(0), P(r))*
ex _— ex >
P —/0- Xpdt > uTz . (5.24)
The equality is satisfied when the time evolution is optimal, i.e., it provides the Wasserstein distance:
T
W(P(0), P(r)) = \/rf /P*(t,X)|V¢*(t,X)|2dth, (5.25)
0

where P*(t) gives the optimal time evolution. This condition is a finite-time extension of the quasistatic process,
and the lower bound is achieved in a finite-speed protocol. According to the optimal transport theory, the optimal
solution satisfies the constant-speed property [48]

f P*(t,X)|V*(t,X)|*dX = const. (5.26)

Equation (5.24) can be rearranged into the TSL [29]

W(P(0), P(r))*

ZEX>
X > T

(5.27)
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From this inequality, we can see that if one wants to change the system’s state from P(0) into P(7), the time
interval and the excess EPR cannot be reduced simultaneously.
Of course, the excess EPR is not larger than the total EPR, we also have the weaker inequality [45]

W(P0), P(x))*

z
%, T

\%

(5.28)

However, it is natural that we obtained the stronger one (5.27), which involves the excess EPR, because the
excess EPR ideally provides the minimum EPR to cause the dynamics. It represents the inevitable dissipation
in the state change, which conflicts with the required time.

5.2 Thermodynamic trade-off relations from the force-current structure

5.2.1 Thermodynamic uncertainty relation

From the force-current structure, we can derive the short-time-TUR-like inequality

(V*I(x), O)

T¥(x) > , 5.29
(02 s (5.29)
where we define
Ag(x) = VO3 =(VO,M(VO)). (5.30)
In the Langevin dynamics, the map . is identified with the multiplication of uTP(X), so we find
D ’ 1
Ap(x) =(VO,uTPVO) = o IVOX)|*P(X)dX = k—DO. (5.31)
B B
Moreover, since there is no reversible term, we have
(V¥JI(x), 0) = (0x/dt, O) = di(x, O). (5.32)

Therefore, Eq. (5.29) generalizes Eq. (5.16).

In general, however, Ay(x) defined in Eq. (5.30) is not necessarily physically interpretable, unlike in the
Langevin case. Nonetheless, Ay (x) is usually upper bounded by what can be naturally understood as a measure
of fluctuations. With the upper bound on A y(x) denoted by D y(x), we can rewrite Eq. (5.29) into the generalized
short-time TUR

- [(I(x), VO)I?
X (x) > —————. 5.33
02 D (39
Again, if there is no reversible term, the numerator reads (d,{x, ©))? and we get
2
2X(x) > M. (5.34)

Do(x)

Let us prove Eq. (5.29). Remember that the conservative current J.(x) satisfies V*J.(x) = V*J(x). Thus,
we have

(V¥J(x),0) = (V*I.(x), O). (5.35)
We apply the Cauchy—Schwarz inequality to this quantity to get

(VAI(x), 0)* = (V¥ J(x), O)? = [(Je(x), VO)I?
= (M (Fe(x)), VO)I? = (Fe(x), VO),[?
< IEGIZIVOIR = Z*(x)Ap(x),

which shows Eq. (5.29).
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5.2.2 Thermodynamic speed limit

We can define a generalized Wasserstein distance via the Benamou—Brenier formula:

T
W(xy, Xp) = lgng\/ T fo IV . (5.36)
where & and 1 must satisfy

0
E0) =X ED) =Xy = —VML(VY) (537)
This definition reproduces the Wasserstein distance in the Langevin dynamics multiplied by a constant:
W(xa’ xb) = /'LTW(PG’ B)) (5.38)

Here, uT appears because the norm |||, involves /., which becomes uTP(X) in Langevin systems. Although
whether Eq. (5.36) gives a mathematically proper distance depends on the situation, it has been proven true for
several cases [19, 30, 109, 110].
If we do not have a reversible term, the time evolution x(t) satisfies these conditions and TSLs will be
derived. First, note that the conservative force F.(x) satisfies
ox

i V*I(x) = V¥ (F.(x)). (5.39)

In addition, it has a potential such that F.(x) = —V¢*(x); i.e., we have

a * *
o = VAV (0)). (5.40)

Therefore, the pair (x, $*) falls into the feasible set of the minimization (5.36).
As a consequence, we obtain the inequality

WO KO <7 [ IRGONE ot = 722 (5.41)
0

First, this inequality can be seen as a lower bound on the excess EP

, WO, x(D)P

X > - (5.42)
By rearranging the equation, we also obtain the TSL
28X > P(x(0), x(1))?, (5.43)

which shows a universal trade-off between dissipation and time. Here, we should be aware that the generalized
Wasserstein distance may involve information of the dynamics because J, is contained in the definition. Thus,
from the operational viewpoint, what we can manipulate in minimizing the excess dissipation becomes subtle.
Even though, fixing the distance W (x(0), x(7)), which implies restrictions on the manipulation of the system,
we cannot reduce the dissipation and the time required for the change arbitrarily.

5.2.3 Related literature

Here, we mention a few related results.

In Sec. 5.2.1, we derived a short-time and quadratic TUR (5.33); but there are other types of TURs. First,
TURs for a finite-time interval exist [34, 35, 84, 89]. They require the notion of joint distribution, which is
elusive in deterministic systems, so they have only been obtained in stochastic systems. Finite-time TURs
involving the geometric decomposition are discussed in Refs. [19, 28, 29].

In addition, there have recently been found nonlinear (non-quadratic) bounds [39, 60, 88, 90]. They involve
nonlinear functions, such as the inverse of x tanh x, which generalize the quadratic function x2. As a result,
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we can get restrictions tighter than the conventional inequalites. It is an interesting direction to discuss such
nonlinear bounds in terms of the nonlinear Onsager relation mentioned in Sec. 3.2.3.

Finally, we point out that while we used the geometric excess EPR to provide the thermodynamic trade-off
relations, the HS excess EPR can also be employed [41, 88, 90, 111, 112]. Nonetheless, the result will only be
valid in systems that have special steady states. Moreover, in talking about short-time TURs, the “local-in-time”
nature would make the geometric excess EPR more preferrable. Furthermore, existing research has shown that
the geometric decomposition fits much better to the optimal transport theory [19, 28-30, 46, 60].
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Chapter 6

Markov jump processes

From this section, we consider various types of physical systems as concrete examples of the general theory
developed in the preceding sections. In this section, we deal with stochastic processes with discrete degrees of
freedom, called Markov jump processes. They are one of the two main models studied in stochastic thermody-
namics, along with the Langevin systems.

6.1 Notation

In this and the next chapter, we consider several quantities with discrete labels, such as probabilities p;. We use
vector notation like d to represent a column vector, (ay, a,, ..., an)T, where T indicates transposition. We also
define the log and exponential of a vector by

Ind:=(Ina,...,Ina,)T, expd:=(eY,...,e%M). (6.1)

6.2 Dynamics

6.2.1 Setup

Consider a system with N discrete microstates. We take the occupation probability distribution p = ( Pi)liL as
the fundamental variable x. Thus, the state space is S, = RN and the subset is the positive orthant § = RY.
A probability distribution satisfies the normalization Zi p; = 1, which we consider as a conservation law
Zorop = (1., DT € 8.

In a Markov jump process (MJP), the system in microstate i at time ¢ jumps to j at probability Rj”i(t)dt
after infinitesimal time interval dt. Here, v indicates the “route” used in the jump. Physically, v designates the
noise source that induces the jump, like a thermal bath. We define R;;(t) := Zv R};(t). Then, the probability
distribution is updated by

pi(t +dt) = pi(t) — Y. Ry(Dpi()dt + Y, R;;()p;(t)dt, (6.2)
JEED J(#D)
where the second and third terms respectively represent the outflow from state i and the inflow into it. Therefore,
p obeys the master equation

% = 2, RO (D) = Ru(Opi(D)). (6.3)
JGD

Since j = i does not matter in the summation, it can also be written as

dp:
= Y Ry OP©) ~ Ru(Opi(0). (6:4)
J
regardless of the definition of R;;(t). If we define R;;(t) by
Ry(t) == Y, Ru(b), (6.5)
JEED)

41
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Eq. (6.3) is rewritten into
dp;
% = > Ry(Dp;(0). (6.6)
J
With a matrix R(t) = (R;;(t)), it further reads

% = R()p(t). (6.7)

By defining R*(t) = (R’i’j(t)), it is disassembled as

9P _ 3 R (0)p(0). (6.8)

Hereafter, we make the time dependence implicit for simplicity.

In order to discuss thermodynamics, we need to assume microscopic reversibility. That is, we assume that
if R}’j > 0, then Rj”i > 0. On the other hand, we do not necessarily assume that MJPs are irreducible, i.e., every
state can be reached from any state after certain time at finite probability. Suppose the microstates are separated
into two groups, A and B, which are respectively irreducible and cannot reach each other. Then, the probabilities
are respectively conserved;

By=Yp» Ps=),pi (6.9)
icA

ieB
are constant and satisfy Py + Pg = 1. These equalities can be captured by the conservation laws
1 ifieA g |0 ifi€eA

=1 . AB=1 (6.10)
0 ifieB 1 ifieB

because then we have
(4, D) =B, (AP, p)=Pg. (6.11)

Note that the conservation of the total probability Zprob = (1,...,1)T is not linearly independent of those two
vectors.

6.2.2 Continuity equation

At this stage, the master equation (6.7) does not have the form of continuity equation. To find the gradient
operator in MJPs, we need to refer to a branch of mathematics called algebraic graph theory [113].

Consider a directed graph that has nodes V' = {1, 2, ..., N} and directed edges E, which connect nodes. While
each node is identified as a discrete state, edges are supposed to represent the connectivity between states; we
have either of edges e = (i, j;v) and —e = (j,i;v) in E when R’i’j > 0. Here, e = (i, j;v) represents the jump
from i to j mediated by v, and —e indicates the reversed jump. For convenience, we assume that if e € E then
—e & E. The staring node of e is denoted by s(e), while the terminal node t(e). We also write the mediating
bath as v(e). Thus, R, indicates R’;((:))s(e). We say a graph is connected if there are series of edges that connect
any two nodes, regardless of the direction.

The structure of the directed graph can be encoded in a matrix called the incidence matrix [113]. Itis a
|V| X |E| matrix defined by

B, = 5t(e)i - 5s(e)i- (6.12)

That is, By, is 1 if i is the terminal node of e, B, = —1if i = s(e), and otherwise zero. We also introduce the
probability current J(p) € RIE! by

Je(ﬁ) = Reps(e) - R—ept(e)- (6.13)
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The probability fluxes R.pg) and R_.p;(e) provide the average occurence rates of jumps e and —e, and the
current J,(p) gives the net frequency of the reversible process. With these quantities, Eq. (6.3) is rewritten as

dp;
=Y Bek(D) (6.14)

ecE

because

Z BieJe(ﬁ) = Z (at(e)i - 5s(e)i)~]e(ﬁ)

eeE eeE
=2 2, ®Ryp-Rpp)-2, ), (Ripi—Rjp)
v j#DI|U.;v)EE v j(#D)|(3,j;v)eE
=2, 2, (R — Ripy).
v j(#D)

Now that, we can set F = RIE| and define the gradient operator V : So = F by
Vei = Bie' (615)

Since the adjoint is just the transposition V* = VT, we can rewrite the master equation (6.3) into a continuity
equation as

dp B,
d—’t’ = VTI(p), (6.16)

which is the MJP version of Eq. (3.3). We call p°S a steady state if it satisfies VT (p*%) = 0.
The legitimacy of V as the gradient operator can also be checked by the fact

Vprob = 0, (6.17)

which is proved as

[V/lprob]e = Z(at(e)i - s(e)i) =1—-1=0.
i

S
Therefore, conservation law 4,0}, is a null vector of V.

6.3 Thermodynamics

6.3.1 Local equilibrium assumption

We introduce thermodynamics by considering the relation between the transition rates and thermodynamic quan-
tities. Consider the case where the system is connected to a single heat bath at inverse temperature 5. Then, we
can expect that the system will relax to the equilibrium distribution

eq e Fei —Be;
P = Zg =) e P (6.18)
B i
and detailed balance holds
R;ip;? = Ryjp; Y, (6.19)

where ¢; is the energy of ith state. This can be rearranged into

Ri:
In =L = B(e; — ¢). (6.20)

Note that, in the jump i — j, €; —¢; is the energy flux into the bath and kg3(¢; — €;) provides the entropy change.
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Generalizing Eq. (6.20), we assume the relation

€ = AsE"V/kg, (6.21)

In R,

where As, denotes the entropy change in the bath in jump e. Equation (6.21) is often referred to as the local
detailed balance; we can also regard it as the local equilibrium assumption in the MJP because it implicitly
supposes the existence of the thermodynamic structure in the environment. It is essentially a manifestation of
the so-called fluctuation theorem [114—116]. As a result, the entropy change in the environment per unit time
is given by

Senv — Z] (D)ASE™ = kg (6.22)
e
6.3.2 Thermodynamic force
We define the entropy of the system by the Shannon entropy as
s; = —kgIn p;. (6.23)
On average, the system entropy is given by
S(B) = —kp ) piInp; (6.24)
i
and its changing rate reads
kB Z dpl In pi
= —kp Z Je(P) D} VeiIn p;
e i
=k Y Jo(F) In 222, (6.25)
e Dt(e)
where we used )}, dp;/dt = 0 in the first line.
Combining Eqgs. (6.22) and (6.25), we find that the total EPR is given by
. ds . eps(e)
Xp)=—+S""=k Jo(p) In 6.26
= B Z Lol (6.26)
Therefore, we define the thermodynamic force F (p) € F =RIEl by
R
E(B) = kg In —<25© (6.27)
R—ept(e)
and obtain the expression
2(B) = J(B).FP)), (6.28)
which provides the counterpart of Eq. (3.7) in MJPs.
6.3.3 Force-current structure
To bridge the thermodynamic force and the current, we define an |E| X |E| matrix L(p) by
Lee’(ﬁ) = kﬁlA(Reps(e)’R—ept(e))aee” (6.29)
where A is the logarithmic mean defined for positive numbers x and y by
A, y) = =2 (6.30)

ln(x/y)
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We call this matrix the Onsager matrix as it satisfies

J(P) = LBF D), (6.31)

which is the MJP version of Eq. (3.8) and completes the force-current structure in MJPs. We note that this log
mean form appears in a paper published in 1983 [117]. Recently, it was rediscovered in the context of stochastic
thermodynamics [19, 39, 44].

Let us see several properties of the log mean and the Onsager matrix. First, it is between the geometric
mean and the arithmetic mean:

VXY < AGny) < xT” (6.32)
Therefore, we find that it is always positive as long as x, y > 0 and satisfies
Alx, x) = x. (6.33)
Thus, L is a positive-definite matrix and the equality
kpLee(B°Y) = ReDy(hy = R_cDy (6.34)

holds in the equilibrium state, which is defined by T (p°9) = 0.
The inequalities in Eq. (6.32) are proved as follows: first, note that for any f(s) > 0 and r > 0, the Cauchy—
Schwarz inequality proves

(/1" f(s)ds)2 = (flr\/@ Sf(S)ds)2 < [r @ds [r sf(s)ds. (6.35)

If we choose f(s) = 1, the inequality reads

-1 r—1_r+1
—1)2 < r <
=1 <hnr——& 7 < ——, (6.36)

which, with » = x/y, leads to the second inequality in Eq. (6.32). The first one is also obtained by setting
f(s) = 1/s; then, we get

2
(Inr)? < (1 — %)(r —~Der< (rh:rl) : (6.37)
which results in
x _x/y—1
Visiem ©39

Since y > 0, multiplying y provides the desired inequality.
The positive-definiteness of the Onsager matrix allows us to trace arguments in preceding sections. For
example, we can define an inner product on & by

(F',F"), = (F',L(D)F"). (6.39)
It also induces norm ||ﬁ Ip =14/ <l’3 ' F ")p and gives the EPR with the geometric expression

2(P) = IF(D)2- (6.40)

When the states’ graph is an n-dimensional lattice, i corresponds to a point in the n-dimensional space. Each
jump e should be interpreted as a jump from s(e) to an adjacent site t(e) in direction d = t(e) — s(e). We assume
the expansion [6, 39]

_ Da(s(e))  fa(s(e))

R = ~T5 ~— +0(1) (6.41)
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with the spatial separation between nearest nodes A and diffusive and balistic contributions such that D_;(i) =
Dy(i) and f_4(i) = —fz(i). Then, the thermodynamic force and the current will be expanded by

L(B) = (Dd(S(e)) + fd(S(e))>pS(e) _ (D_d(t(e)) + f—d(At(e))>

DPie) + O(1)

A2 A A2
_ Zﬁi(s(e))ps(e) - ad(Dd(s(e))ps(e))
= A + 0(1),

[Dd(s(e)) + Afd(s(e))]ps(e)
[D_a(t(e)) + Af_a(t(e)] pece)

E(P) = kgln o(a?)

_ Afd(s(e))ps(e) A[ad(Dd(S(e))ps(e)) - fd(s(e))ps(e)]
"kBm<1*'zm@@»p“@>'*n(1+ Da(5(©)Prce ) + o)
2f3(5(e)) Psce) — 9a(Dals(e))psce))

= kgA + 0(A?),

Dd(s(e))ps(e)
where we used
D—d(t(e))pt(e) = Dy(s(e) + d)ps(e)+d = Dd(S(e))ps(e) + Aad(Dd(S(e))ps(e)) + O(Az)’
F-a(t@)pyey = —fa(s(e) + A)Ps(e)+a = —fa(5(€))Psey — Ada(fa(s(e))Ps(e)) + O(A?)
and 9, is defined like d,g(s(e)) = [g(s(e) + d) — g(s(e))]/A. Consequently, the Onsager matrix becomes

Lee® = 35 25D o+ O, (6:42)

which reproduces the Onsager relation in the Langevin system (2.23).

6.3.4 Conservativeness and detailed balance

Let us confirm that MJPs satisfy assumptions C1 and C2, discussed in Sec. 3.3. First, the thermodynamic force
satisfies assumption C1 because

F(p) = Ky — V&(p) (6.43)
with
R, .
Fpe = kgln =, @(p) = kg In p. (6.44)

—e

The function ¢ : RQIO ~ RN is actually a bijection.
Assumption C2 can also be verified in important cases. When the system is irreducible and there is only a
single conservation law, Ap;op, Which represents the conservation of probability, Eq. (3.12) reads

Dievitk =1, (6.45)
i

which is solved by u = In zi e¥i. A more nontrivial example is when the system is reducible, and we have two
conservation laws as in Eq. (6.10). Then, Eq. (3.12) provides the two equations

Z e¥i~Ha = P, | Z e¥i~HB = Pp, (6.46)
i€A ieB

where note that now the argument in Eq. (3.12) becomes 1,3 —u A/TA — ,uBZB . These equations are also easily
solved by ps = In(By' Y., e¥) and up = In(Pg' 3. e¥1).

Therefore, we obtain the equivalence for an irreducible MJP without any non-trivial conservation law, as a
consequence of the general discussion; the following two statements are equivalent:

(1) There is a potential 1,3 € RN such that

R
E),e =kgln R_e = z;bs(e) - Ipt(e)- (6.47)
—e
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(2) There exists 7 € RY, such that T (77) = 0 and Zi m =1

In detailed balanced systems, condition (1) is satisfied with ¥); = kgf¢; as in Eq. (6.20).
When there are multiple heat baths and jump i — j is mediated by v and v, the local detailed balance (6.20)
is generalized to

R
R—v = Bu(&i — ), (6.48)
L = Byl — ). (6.49)

ij
On the other hand, conservativeness (6.47) requires
Bu(ei — €) = Bu (e — €)). (6.50)

Therefore, condition (1) implies that all bath temperathres are the same.
According to the discussion in Sec. 3.3, the detailed-balanced state 7 in (2) is obtained as (cf. Eq. (3.16))

7= 43‘1(11) + M/lprob), (6.51)
which is written down as
7; = e~ Witilks, (6.52)

where u is determined by Zi T =1 1e,u=1In Zi e~¥i/kB When the system is connected to a single heat
bath, because ¥;/kg = f¢;, we finally find

e_ﬁei —66'
= Z; zﬁ,:Zie i (6.53)

which is nothing but the thermal equilibrium state.

6.3.5 Cycles and breaking of detailed balance

While cycles were introduced abstractly in Sec. 3.4, the kernel of VT can charactrize them as actual cycles on
the graph [113]. A cycle C on a graph is just a cyclic collection of edges {e,; },,=1,... a; then, the edges connect
the same number of nodes {i,,} where (i, i,41) = (8(en), t(e)) or (i, ipms1) = (t(e), S(ey,)) holds for each
m, where the cycle can go through a node more than once, but we assume edges are used at most once. If we
define the corresponding vector C € RIEl by

1 3Im, e=e, &iy, = s(ey)
Co=1-1 dm, e=e, &i, =tle,) (6.54)

0 otherwise
it satisfies VT5 = 0 because
VTC]l 2(5”(3) Sisce))Ce

Z [5imt(em—1) - 6im3(em—1) ]Cem—l + [5imt(em) - 5im5(em)]cem

mliy,=i >Cepy_1=1  2Ce,, =-1 >Cep=—1 =C,,=1
= >, (1-1)=0
mip,=i

where in the third line, we focus on pairs of jumps (e,,_1, €,,) that cross i, = i. For example, if i,,, = t(e,_1),
em—1 is aligned with the direction of the cycle, so C,, | becomes one. Therefore, we find C € ker vt
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We can also show the converse, i.e., ker VT is spanned by vectors corresponding to cycles on the graph.
To show that, we consider a way to construct an independent set of cycles, focusing on connected graphs (i.e.,
irreducible MJPs). A spanning tree is a connected subset of the graph that includes all the nodes and no cycles;
i.e., every pair of nodes is connected by a unique path. We can easily see that a spanning tree has N — 1 edges
(thus, |E|—N+1 edges are eliminated when creating a spanning tree). If we add an edge that exists in the original
graph but not in the spanning tree, the newly connected nodes are connected in two ways, by the unique path in
the spanning tree and the added edge; thus, we can create a single cycle. I£1 this way, we can make |[E| — N + 1

cycles, which we write {C#},_; |g-n+1- The corresponding vectors {C#} are linearly independent because

ey

Cé; , = 8, holds with e, being the edge added to make cycle C¥.

We can further show that {5“} spans the kernel of VT. When the graph is connected, the rank of V becomes
N — 1. In fact, taking ¢ € RN such that V¢ = 0, we have

Z Veigi = Ves(e)(]bs(e) + Vet(e)¢t(e) =0, (6.55)
i

which is only satisfied when ¢; = const. for any i. Thus, the dimension of ker V is one, and since V is an N X |E|
matrix, we see that rank V = N — 1 (this reveals the fact that an irreducible MJP has only one conservation law,
corresponding to the probability conservation). On the other hand, the rank-nullity theorem tells

rank V + dimker VT = |E]|. (6.56)
Therefore, we obtain
dimker VT = |E| - N +1, (6.57)

which concludes that {5“} is a basis of ker VT.
Consequently, we can identify 7 in Sec. 3.4 as the operator

T REFNH 5 (g )0 > q,CF e ker VT c RIF, (6.58)
u
with its adjoint
7% RIEIS K (<5ﬂ,12>) € RIEI-N+1, (6.59)

The adjoint operator provides the influence of K on each cycle as

(CLEy= > K.~ > K (6.60)

ec€EleeCH e€E|—ecCH

Following the general result, the steady-state dissipation can be expressed by

(0% =D jufu (6.61)
M
with

J(3%) =D juCH  f, = (CKE(p®)). (6.62)
)%

This decomposition into cycles is first obtained by Schnakenberg in Ref. [57]. It represents that the steady-state
dissipation is incurred by cyclic motions which do not affect the system’s dynamics.

6.4 Housekeeping-excess decomposition

We can obtain the geometric housekeeping-excess decomposition by applying the general framework provided
in Sec. 4.2. Here, we do not review every single result, but explain several selected crucial results in addition to
some remarks specific to MJPs. More detailed analysis on what follows in this chapter can be found in Ref. [19].
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We define the conservative subspace by

€:=imV ={-V§ | ¢ € RN} (6.63)
and give the housekeeping EPR by
EhK(p) = min |F(p) — F'||2. (6.64)
F'e®

The conservative subspace is actually a space of “equilibrium” forces as discussed in Sec. 6.3.4. The potential
¢*(p) that provides the projected conservative force, ﬁc( p) = —V¢*(p), solves the equation (cf. Eq. (4.56))

>

VIL(B)VS = —Z—It’. (6.65)

By using a pseudo inverse of VIL(p)V, we can explicitly describe the potential as
dp

$*(p) = (VL@ (6.66)

where + denotes the Moore—Penrose inverse.
Matrix VTV is called the Laplacian matrix [113] and VTL(p)V is the weighted one. Since L(p) is full-rank,
VTL(p)V has rank N — 1. Its elements are given by

VILG V], = | D@ aico HelP) ey (6.67)
=~ Zetap=@i@or@se P i T#]
It is the discrete version of the operator
uTV - P(X)V, (6.68)
which appears in Langevin systems.
The excess EPR is also given by (cf. Eq. (4.37))
$X(p) = min||F'|2 st VIL(B)F = VII(p). (6.69)
F!
We also have the alternative expression (cf. Eq. (4.38))
2eX(B) = min(7, L(B)"T) st VIF = VTI(p), (6.70)

J/

which suggests that the excess EPR is the minimum EPR with the Onsager matrix L(p) fixed.
The nonconservative force F,.(p) and the corresponding current Jp( p) = L(P)E,.(p) give the non-stationary
extension of the Schnakenberg formula (6.61) since J,.(p) € ker VT. We have

G EDWIAN (6.71)
u
with

ToeB) =D JiCH, £ = (CH, o). (6.72)
u

6.5 Thermodynamic trade-off

6.5.1 Thermodynamic uncertainty relation
The TUR in Eq. (5.29) reads

|d(O)?
Ao(D)’

$eX(5) > (6.73)
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where

4(0) = &3 0ip = (), V76) (6.74)

is the changing rate of the expectation value of random variable O ((5 =(09;) € RN) and

Ao(P) = O3 (6.75)
Because of the inequality (6.32),
|O”p ZLee(ﬁ) VTO]e < 5 Zk Z(Reps(e) ‘i'R—ept(e))[V O] (6-76)
This quantity can further be rewritten as
Var(dO)

Z(Reps(e) + R—ept(e))[V (9] lim

di-0  dt (©6.77)

This is proved as follows: first, in infinitesimal interval dt, jump e occurs at probability R, py)dt. Thus, the
change in O, dO, has moments

<d(9k> = dt( Z (Ot(e) - Os(e))kReps(e) + Z (Ot(e) - Os(e))kReps(e)>

eeE —e€E
= dt( PIVTOER s + D, | VTO]'feRePs(e))-
eeE —e€E

Therefore, the variance is given by
Var(dO) = (dO?) — (dO)?

= dt( Z [VTO Repsee) + Z

Re ps(e)) + o(dt)

ecE —e€E
= dt Z [VTO]g(Reps(e) + R—ept(e)) + O(dt)5
eceE

which completes the proof. We define
Do(B) = = YR R VT2 6.78
o(p) =3 D (ReDs(e) + R_ePye)[VTOLZ, (6.78)
e

which can be understood as the short-time variance of observable O and the discrete extention of the diffusivity
in Langevin systems (Eq. (5.10)). As a result, we obtain the TUR

|d(O)

=R

(6.79)

6.5.2 Thermodynamic speed limit

The general description regarding the generalized Wasserstein distance (Eq. (5.36)) suits best MJPs and chemical
reaction networks, discussed in the next chapter. It was Maas who proposed to define the Wasserstein distance
in MJPs [109] by

w(pe, Pb)_lnf\/ /||Vzﬁ(t)||12)(t)dt (6.80)
by 0

with conditions

B0 =5, =5 L =vigovio. (681)
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JM R

5 = s 4 £hk

Figure 6.1: (Adapted from Ref. [19]) Schematics of the two-level system. Total EPR 3 is divided into excess
EPR 2% and housekeeping EPR 2K, We can interpret 2¢* as stemming from a relaxation caused by a fictitious
single reservoir at the “mean” temperature 3, while 3PX is attributed to heat transfer that does not change the
state.

As proved in Ref. [109], it works as a distance between probability distributions (see also Ref. [19]). However,
since the definition includes the kinetic information in L(p(t)), its interpretation tends to be formal. Nonetheless,
the correspondence to the original version of the Benamou—Brenier formula (5.19) is clear by the relation (6.42).
For more details, see Appendix A.

As deduced in the general framework, the Wasserstein distance provides a lower bound on the excess EP by

T = =g 2
. w ,
yex =/ SeX(p()dt > (p(O‘)[ p(7)) ’ (6.82)
0
which can be rearranged to result in the TSL
2% > W(p(0), p(1))>. (6.83)

6.6 Example

Here, we illustrate the decomposition and the TUR in a simple two-level stochastic system. Consider a two-
level system coupled to two heat baths at inverse temperature 8y, and 8. (8, < .). For this system, we can
analytically obtain the excess and housekeeping EPRs. Let the energy of state i be €; fori = 1,2 and €, > ¢;.
There are two kinds of transition associated with the distinct reservoirs, labeled by e = h and ¢ (which are
abbreviated forms of (2,1;h) and (2, 1; ¢)). Transition e is mediated by the bath at 3,. The system is depicted
in Fig. 6.1.

The incidence matrix is then given by

1 1
B = (_1 _1>. (6.84)
The matrix VTL(P)V reads
- 1 -1

VIL(p)V = (6, + £.) 1 1 (6.85)

and its Moore—Penrose inverse
1 1 -1
T + _

where

gc = A(RCPZ’R—Cpl)' (6-87)
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Thus, according to Eq. (6.60), a potential that gives the conservative force is obtained as

¢*(p) = —(VTL(B)V)* VIL(BF(P)

_ 1 1 -1\(1 1)\(én O\(E
sl 1) )6 )R

_ ghEl + vocE; —-1/2
b+ b, 1/2 J° (6.88)
Since K, and F; are given as
B, = kgBn(e; — €) + kg(In p, — In py), (6.89)
F, = kgB.(€; — &) + kg(In p, — In py), (6.90)
the conservative force reads
S e ChB + ECR, (1
= 1
= (kBﬁ(€2 —€) +kg(lnp, —In Pl)) (1) ) (6.91)
where we defined
5 €hﬁh + €c;80
= —rf - CFC 6.92
ﬁ €h4'€c ( )

This expression means the conservative force can be attributed to a relaxation mode mediated by a fictitious
heat bath at temperature S (see Fig. 6.1).
On the other hand, the nonconservative current is obtained by

Je(B) = LOF(D) = E(P) = 5=-(e2 —e)(Be = ) | _, |- (6.93)
fn + €, 1
The fact that [J,c]p = —[Jac]c indicates that the nonconservative current does not affect the dynamics, just

representing cyclic motion, as depicted in Fig. 6.1. Moreover, the housekeeping EPR now becomes

kB€h€c

2P = e+ 0
C

(&2 — 51)2(5c - ;8h)2a (6.94)

which shows that the housekeeping dissipation occurs due to the temperature difference between the two heat
baths 3. — fp.

We also numerically validate the TUR (6.79). The simulation is done with parameters 8, = 1, 3. = 2,6, —
€, = 1,and R_, = R_. = 1, and initial condition py(0)/p;(0) = 103. Ry, and R, are determined by the local
detailed balance. The result is presented in Fig. 6.2. We plot the ratios

_ kgld(O)]? e = kg|d(O)?
2(P)Do(D)’ 2X(B)Do(p)’

which satisfy 7 < n°*. We can also confirm the TUR n®* < 1 from the figure. As long as O is not a null vector
of V, these ratios are independent of the choice of ©. This is because the state space is now two dimensional
and V has a one-dimensional kernel.

In the inset of Fig. 6.2, we compare the geometric housekeeping-excess decomposition with the Hatano—
Sasa decomposition by using the definition given in Eqs. (4.30) and (4.31). They behave quite similarly in this
case.

(6.95)
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Figure 6.2: (Adapted from Ref. [19]) Verification of the short-time TUR (6.79). The ratios 7 and n°* between
the lower bound kg|d,(O)|>/D(p) vs. EPR X and excess EPR X are shown. As the system approaches the
steady state, 7** becomes close to one, while # vanishes, which is because the total EPR remains finite even
in the steady state. In the inset, we compare our decomposition with the HS decomposition. In this example,
where a stable steady state exists, they behave in almost the same way.






Chapter 7

Chemical reaction networks

The formal structure of chemical reaction networks is similar to that of Markov jump processes. The force-
current structure finally obtained will completely include what was discussed in the preceding chapter. However,
the physical objects they describe are completely different. One of the main purposes of this chapter is to
understand the similarity and difference between chemical systems and Markov jump processes.

7.1 Dynamics

7.1.1 Setup

A chemical reaction network (CRN) is an assemble of chemical species and reactions between them [3, 118].
Chemical species, like the oxigen molecule or an enzyme, are labeled by « € A = {1, ..., N}. We assume the
system is in a well-stirred reaction vessel with a fixed temperature T and pressure. The abundance is measured
by the concentrations ¢ = (c,) € IRQJO. Thus, the state space S and the restricted space S are given by RN and
RY,.

A reaction, labeled by e € E = {1, ..., |E|} is designated by how many molecules are involved in it. We
write the number of species « that join reaction e as vy, € Z5, and those produced as vy, € Z5(. For example,
in reaction

X; + X, — 2X;, (7.1)

we have
Vie=Ye =1, V3 =0, (7.2)
Vie=1=0, v3,=2. (7.3)

We assume every reaction is reversible; i.e., there are |E| pairs of reversible reactions and 2|E| individual re-
actions. Let —e denote the backward reaction of e; e.g., for the above reaction, backward reaction is given
by
—e
2X3 — Xl + Xz, (74)

and the pair is denoted as

e

X1 +X, =2X; (7.5)
and labeled by e. We further define an N X |E| matrix S, called the stoichiometric matrix, by

Sce = Vae — Vaes (7.6)
which indicates the net increase of « in reaction e.

55
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7.1.2 Continuity equation

We write the occurrence rate of reaction e (reaction rate) by J,(¢), where ¢ indicates the concentration depen-
dence of the reaction rate. Because each reaction has a forward and a backward reaction, the reaction rate can
be split into positive contributions from them as

Je(E) = Je+(8) - Je_(g)’ (7.7)

where JF(C) > 0 is the occurrence rate of the forward/backward reaction. We can regard each reaction as an
elementary step; so we have & = RIE| [3]. The reaction rates are given as a vector, J(¢) = (J,(¢)) € Z.
A typical form of reaction rates is the mass action kinetics:

@ =k [Jea Jo@ =ki [] e (7.8)
¢4 (24

where k7 are constants called the rate constants. It was found by Waage and Guldberg in 1867 [119] and
is widely believe to hold in ideal (dilute) systems. However, it can be violated in non-ideal (thick or ionic)
solutions [120]; so we do not necessarily assume this form unless otherwise stated.

Combining the stoichiometric matrix and the reaction rates, the time evolution of the concentrations is given
by

dc S
= 2 Saeke(©), (7.9)
e
or equivalently,
ac 2o
= = . .1
i SJ(c) (7.10)
Therefore, it is natural to introduce the gradient operator V : § — & by
V = ST, (7.11)
Then, Eq. (7.10) reads
& 1
T V3i(c), (7.12)

which is the CRN counterpart of Eq. (3.3). We may call the continuity equation the rate equation. Concentration
¢S is called a steady-state distribution or a steady state if it satisfies VI (©%%) = 0. Detailed balance is defined by
T (¢) = 0, which is stronger than the steady-state condition. Up to here, we are intentionally ignoring external
effects on the dynamics, such as exchange of molecules. As discussed in the next section, we consider closed
and open systems whose dynamics are described by Eq. (7.10).

The gradient operator defines conservation laws. For example, if the system is substantially closed (i.e., it
does not exchange any molecules with outer systems), the total mass is conserved. It is expressed by the vector
me IRQIO that represents the mass of the chemical species; then, we expect the mass conservation

Vi =0, (7.13)

so that d,(m,¢) = 0. CRNs can have other non-trivial conservation laws related to characteristic segments
in molecules that are preserved in reactions, called moiety [27]. On the other hand, open CRNs can break
conservation laws of closed CRNs [121, 122].

The region that ¢ can reach is restricted due to the conservation laws. We define the stoichiometic manifold
by [118]

M) ={ceS |- €imVT} (7.14)
Given an appropriate set of conservation laws {1}, that is, a basis of ker V, it can be written as
M) ={ce 8| D,0) =D, &), vi}. (7.15)

Every time course starting from ¢, is trapped in the stoichiometric manifold.
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7.1.3 Closed systems, open systems

Equation (7.12) can be invalid when there are external flux of chemical species from chemostats, i.e., when the
system is open. Let the set of exchangeable species be Aoy and distinguish it from internal chemical species
A, which cannot go out of the vessel. Now, we have |A| + |Aqx¢| kinds of chemical species. If the chemostatted
species Ay are externally injected at rate I, their rate equations should read

dc
& =D Vea(Iealpen ey hyene) + I (& € Aexy). (7.16)
e

For convenience, we assume that the concentrations of exchangeable species are always maintained by external
control [27], i.e., we assume

cq =const. (o € Agxr)- (7.17)

We refer to these controled species as chemostatted species. Consequently, the chemostatted species are ef-
fectively eliminated from the dynamical description and we can concentrate on the rate equation (7.12) for the
internal species. The vector ¢ is understood as representing the internal species concentrations (Cy)gea-

Nonetheless, the information of chemostatted species is still embedded in the reaction rates T (¢). For ex-
ample, in the mass action kinetics, the reaction rates are given like

@ =kf [Jea with kf=xf J] e (7.18)

aeA a€Aext

where k7 should be understood as the genuine rate constant and k7 is the apparent (effective) rate constant
given by the genuine one and the constant concentrations {Cy}yea.,, -
As we effectively forget chemostatted species, we may have reactions such as

e
3 =X, (7.19)

where @ represents vacancy where there were some chemical species if we did not ignore chemostatted species.
Apparently, this reaction breaks the conservation of mass, which often occurs in open CRNs described in this
way. Then, the reaction rate turns into

Je(E) = k¢ —Jo (ca) (7.20)

with a constant k.

In open systems, Eq. (7.12) may not have a unique stable steady-state solution. Due to the nonlinearlity
of the reaction rates, it may have multiple steady states [65], or exhibit more non-trivial behavior such as limit
cycles [68] or chaos [67, 123]. A limit cycle is a stable cyclic motion that does not stop [66]. Physically, the
continuous motion is realized by constant supply of chemostatted molecules from the chemostats.

Finally, be aware of the difference between the stoichiometric matrix and the gradient operator. The gradient
operator matters only in the effective dynamics of the internal species. Thus, V., is only defined for a € A.
On the other hand, as a matter of fact, chemostatted species also commit reactions, hence, we can define their
stoichiometry and S, can be defined for & € Acy. Therefore, the stoichiometric matrix is separated as

VizNlae A
S= (Sext> YA€ Anyy (7.21)

where SEX' = S, for & € Aexi.

7.1.4 Graph theory and complex balance

A CRN cannot be regarded as a graph with nodes A and edges E because e € E can bridge more than one
species. Instead, we define complexes as objects that include chemical species and are connected by edges: a

complex is designated by E € Zgo that satisfies

de€E, Va €A, &4 = V. (7.22)
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That is, a complex is the reactant or the product of a reaction. Let P = {1, ..., |P|} be the labels of complexes.
A CRN can be seen as a graph with nodes P and edges E.
Let us consider the following CRN, called the Brusselator model [68, 124]:

1 2 3
=X, X=X 2X;+X,=3X. (7.23)

It has two chemical species A = {X;,X,} and three reactions. In addition, there are five complexes

o, X, X, 2X1+X,, 3X, (7.24)
which are represented by the vectors
0 1 0 2 3
06 0 0 6
Aligning them, we get the matrix
01023
n‘(o 01 1 0)’ (7.26)

which is sometimes refered to as the composition matrix [27, 125, 126]. On the other hand, as the reactions
bridge the complexes to constitute a graph, the corresponding incidence matrix is given by

-1 0 0
1 -1 O
B=[o 1 o] (7.27)
0 0 -1
0 0 1

Multiplying these matrices, we obtain the stoichiometic matrix

1 -1 1
nB—S—<0 ) _1). (7.28)

The relation S = nB holds generally by definition. As a result, we can consider an intermediate steady-state
condition, characteristic to CRNs: we define ¢°P to be complex balanced if it satisfies

BI(@®) = o, (7.29)

which is weaker than detailed balance but stronger than the steady-state condition. It is known that, given
the mass action kinetics, a CRN equipped with a complex-balanced steady state is globally stable [118, 127];
therefore, condition (7.29) is so strong that it eliminates the non-trivial behaviors due to nonlinearity, although
complex balanced CRNs hold various theoretically nice properties [125, 126, 128, 129]. On the other hand,
the steady-state condition AN (¢) = 0 does not mean stable steady states and allows limit cycles and chaotic
behavior.

7.2 Thermodynamics

7.2.1 Local detailed balance

The thermodynamic force, also known as the chemical affinity [2, 3], is defined by

- 1 - =
E@)=-% 2, SaeHa(GC™), (7.30)

a€AUAext

where 1, is the chemical potential of a and ¢! = (cy)ye Aey- 1t means that the thermynamic force is the

chemical potential difference between the reactants and the products. Thermodynamics, especially the second
law, is installed by the assumption that the thermodynamic forces F(¢) € RIE! are given by

J&(©)

E(¢) =RI ,
ole)=Rln7=2

(7.31)
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which we call the local detailed balance in CRNs. Here, R is the gas constant, defined by the Boltzmann constant
times the Avogadro number. We explain where this relation comes from and why it can be regarded as the local
detailed balance in the next section by considering the so-called ideal solutions.

Equation (7.31) yields the EPR of the form

©)
©)
Once we admit the assumption in Eq. (7.31), the non-negativity of EPR 2(¢) > 0 is obvious since J;}H (¢)—J; (¢)
and In (J;(¢)/J; (€)) have the same sign. We define an equilibrium state ¢®9 by 2(c®9) = 0; then, ¢ is an
equilibrium state if and only if detailed balance T +(©) = T ~(¢) holds.

At this point, the second property of the force-current structure (Eq. (3.7)) is provided as an assumption in

CRNs; however, this assumption is “proved” from a more physical postulate in ideal systems, as descibed in
the next section.

SN =N - _ +r2 - N Je+
Z(c)-(J(c),F(c))-RZez(Je @) - (c))ane_ (7.32)

7.2.2 Ideal dilute solution

Equation (7.31) can be proved by a more specific assumption between constants in ideal dilute solutions. A
solution is defined to be dilute if the chemical potentials of the solutes are given by

Ue(GC*Y) = uS, + RTInc, (ax € AU Agyp). (7.33)

In dilute solutions, the partial pressures of the solutes (resp. solvent) obey the Henry (resp. Raoult) law, i.e.,
become proportional to the concenrations. Since the chemical potential of ideal gas has the form u = u* +
RT1n p with a constant u* and the partial pressure p, the vapor-liquid equilibrium concludes Eq. (7.33). The
Gibbs free energy is then given by

G@GI™) = > cuuy—RTIncy) +RT Y. ¢ (7.34)
aEAUAext aAEAUAext

where the last term reflects the abundance of the solvent [27].

The constant p° is called the standard chemical potential and composed of the standard enthalpy of produc-
tion hg and the standard entropy sg as ug = hg — T'sg [120]. Then, we can regard hg, and sg + RInc, as the
enthalpy and entropy of a unit amount of chemical species . The Gibbs free energy is split into the enthalpy H
and entropy S as

G=H-TS with
HEGI™ = > hie S@EGE™H = > culsy +RIncy —R). (7.35)

a€AUAext a€AUAext
The time derivative of the system entropy becomes
ds deg , .
- = > d—:‘(sa + Rlncy). (7.36)
aeA

The entropy flux to the environment has two contributions: heat exchange and entropy transport. The heat
produced in reaction e is given by

Q= Z Vaeha — Z Vaehg- (7.37)
AEAUAext a€EAUAext
Thus, the entropy flux is obtained as
) R . 1 > o o
Senv = Z Je(€)Qe — Z (s + Rlneg)l, = T Z-]e(c )Saehe — Z (sq + Rlncg)ly, (7.38)
e aE€Aext e a€Aext

where the second term expresses the entropy delivered to the chemostat. Combining Egs. (7.36) and (7.38), we
obtain

g dS . 1 - - -
5(E) = 2 + Senv = =7 D@ D) SaekalGE). (7.39)
e

a€AUAext
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This is why the thermodynamic force was defined as in Eq. (7.30). The notlon of affinity was found by De
Donder in 1920°s [2, 130]. For simplicity, we make the dependence of ., J and F on &ext implicit.

The positivity of Eq. (7.39) is proved if we assume the mass action kinetics and the following relationship
between constants:

_+_
RTIn é:- > Seekds (7.40)

a€AUAext

where xZF are the “genuine” rate constants, introduced in Sec. 7.1.3. Equation (7.40) is also referred to as the
local detailed balance as it resembles the local detailed balance in MJPs (6.20) [27]. With that relation, we can
rewrite the thermodynamic force defined in Eq. (7.30) as

Vae
- 1 ° OCEAUAeX CO(
E@©) =~ D> Sgeud +RIn — (7.41)
a€AUAext QEAUA ey aae
V,
+ CO( J’+ g
—Rln i—e_ + Rln %A ext — =Rln Je_gi;. (7.42)
ae C
¢ HaeAUAext Ca ¢

Thus, we can prove “assumption” (7.31) in ideal solutions by the more specific assumption between parame-
ters (7.40). The nonnegativity of the EPR immediately follows as discussed.

We can consider the importance of the local detailed balance between constants (7.40) from another point
of view. Assume there is no chemostatted species. Then, the relationship enables us to prove that T @) =0if
and only if the EPR as defined in Eq. (7.39) vanishes. The “only if” part immediately follows from Eq. (7.39).
To discuss the “if” part, we rearrange a term in Eq. (7.39) as

cVae
> Suetta@ = Y Saetts + RTIn( [ &) = 3 Seetts ~RTIn s -
aeA aeA aeA acA HaeA Caae

The mass action kinetics further transforms this as

[Taen o= Kt @)
D SeeMy —RTIn—2€4—— = %' S_ 1% + RTIn k—_ —RTIn=*—
aeA wcA Co oze aeA Je (C)

Thus, we obtain
I ©)
I (©)

(@) = —%Z]e(é)[ D Saekt, +RT1nI;—] +RZJ( )In

aeA

The second term is positive unless J(¢) = 0. If we want to claim that 3(¢) = 0 implies J(¢) = 0, it is natural
to assume
+

D Seetty +RTIn ke _, (7.43)
ke
aeA

That is, Eq. (7.40) naturally emerges between the two notions, detailed balance and thermodynamic equilibrium.

However, when the diluteness is not assured, Eq. (7.40) will lose its meaning because the mass action kinetics
and the expression (7.33) are no longer valid. One solution is to make the rate constants dependent on concen-
trations and replace In ¢, in Eq. (7.33) with In[y,(¢)c,], where y,(C) is the so-called activity coefficient [120].
Then, Eq. (7.40) is recovered with the concentration dependent rate constants and the activity coefficients.
However, the concentration dependence of these quantities are elusive in general situations (one interesting
approach is the Debye—Hiickel theory [131, 132], which involves several parameters). Instead of introducing
those quantities, we simply put Eq. (7.31) as an assumption to consider the nonequilibrium thermodynamics of
CRN:s. Still, it should be verified in the future whether the relation actually holds, analytically, computationally,
or experimentally. It is worthnoting that a recent paper [133] proved that we can derive Eq. (7.31) by assuming
the local detailed balance in non-ideal stochastic CRNSs (i.e., described mesoscopically [134]) and a consistency
between such a mesoscopic and the macroscopic description.
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7.2.3 Force-current structure
As in MJPs, the thermodynamic force and the current are connected by the Onsager matrix (cf. Eq. (6.29))
Leer (€) = RTIA(JF(©), 5 (C))8eer (7.44)
which leads to
J(@) = LOFE), (7.45)

the CRN analog of Eq. (3.8). Due to the properties of log mean A, described in Sec. 6.3.3, we can define an
inner product and a norm as

(F',F"), = (F,L@)F"), |F'|2 =~/ (F", ). (7.46)

The EPR is given by the geometric expression

2(@) = |F@)|% (7.47)

7.2.4 Conservativeness and detailed balance

Conservative forces are defined as those provided by V; for example, the thermodynamic force of a closed ideal
solution is conservative because Eq. (7.30) is rewritten as

F(©) = =V(i@)/T), (7.48)

where (i(¢) = (uq(C))qea- Although conservativeness is independent of the ideal property, we focus on ideal
systems in this section to discuss the equivalence between conservativeness and detailed balance.
Since V only takes the internal species into account, as discussed, Eq. (7.30) does not imply conservative
force unless Aqy¢ is an empty set. Rather, we generally have
> 1 N RN
E@)=-7 2 SaeMal€™)—[V(EEC)/T)L (7:49)

(XEAext

for ideal solutions. By using the apparent rate constant ki and the relationship (7.40), it is further rearranged as

= =g + -, d
F()=F— Vo) with F, =R1n£—e_, »(¢) =RInC.
e

Therefore, ideal solutions satisfy assumption C1 in Sec. 3.3 with ¢(¢) = RIn¢. Thus, the general discussion
reveals that the following are equivalent:

1) There exists a potential ) € RN such that
( p
Fy =—-Vi. (7.50)

(2°) There exists 7 € RY, such that J(7) = 0.

Condition (1) can be stated differently: for any C € RIEl such that VTC = 0, the rate constants satisfy

[k = [k, (7.51)

which is called the Wegscheider condition [135]. Since Eq. (7.51) is equivalent to (C_",l%) = 0, this statement
means Fy € im V, i.e., condition (1).
Let us confirm assumption C2 through a concrete CRN. We consider the following CRN:

1 2 3 4
=X, X1+X=X) X%=2X:+X, X3=0. (7.52)
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The gradient operator is given by

1 -1 0 0
vT = 8 (1) _11 _01 (7.53)
0 -1 1 0
It has a conservation law
1=(0,1,0,1)7, (7.54)
which represents the conservation of moiety Xy, which is included in X, and X,. Then, Eq. (3.12) reads
eV H pebaH =, + ¢y (7.55)
and solved by
u=1n %. (7.56)

Therefore, in this CRN, condition (1) is equivalent to the statement
(2) For any concentration ¢ € R4, there exists 7 € R%, such that J(72) = 0 and 7, + 7, = X, + X,

Generally speaking, condition (2) means the existence of an equilibrium state in the stoichiometric manifold
M(C), as is evident from the expression (7.15).

7.2.5 Cycle and breaking of detailed balance

Unlike the MJP case, cycles as defined by ker VT are not always interpreted as a cycle on a graph. Let us take
the Brusselator (7.23) as an example. In this CRN, ker V7 is a one-dimensional space spanned by

C=(0,1,1)T. (7.57)

While this vanishes when multiplied by VT = nB, it cannot be canceled solely by B. That is, although the chain
of reactions, e = 2 then 3, leaves the total concentration unchanged, it cannot be understood as a cycle on the
graph of complexes.

The discrepancy between ker VT and ker B is called the deficiency [136],

§ := dimker VT — dim ker B. (7.58)
It can be proved that the deficiency is also given as
§=|P|—L—dimimVT. (7.59)

The deficiency-zero theorem shows that when the mass action kinetics is assumed, § = 0 if and only if the
CRN has a complex-balanced steady state for any value of rate constants as long as it is weakly reversible [118,
136]. Here, a CRN is defined to be weakly reversible if there is a directed chain of reactions with positive rates
between any two complexes. As already mentioned, the existence of a complex-balanced steady state implies
the global stability of the CRN; thus, § > 0 is required for the CRN to exhibit nonlinear behavior. For example,
the Brusselator model has § = 1, so it can show a limit cycle, as shown in Example 7.5.

7.2.6 Comparison with MJPs

An MJP can be regarded as a CRN with unimolecular reactions. Let us consider a CRN with species i €
{1, ..., N} and reactions involving just one molecule,

X; = X,. (7.60)
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In this CRN, the total concenration Zi ¢; is conserved. Then, there are N complexes, each of which is composed
of a single molecule, and matrix n can be the identity. The reaction rates are given as

Je(E) = kecr(e) - k—ecp(e)’ (7.61)

where r(e) and p(e) denote the reactant and the product molecule of reaction e. If we define

Ci
b= ) (7.62)
T TG
the rate equation it obeys reads
dp:
% = ZBie(kepr(e) - k—epp(e))’ (7.63)
e

which is nothing but the master equation of an MJP with transition rates R, = kZ.

If kg and R are equated, the thermodynamics of MJPs coincides with that of ideal dilute solutions. The
local detailed balance between constants (7.40), which includes entropic contribution coming from the internal
degrees of freedom of molecules, looks similar but slightly different from Eq. (6.20), the local detailed balance
in MJPs; however, such a contribution is sometimes taken into account in MJPs when the mesoscopic states
have internal degrees of freedom [73], but is usually neglected for simplicity.

7.3 Housekeeping-excess decomposition

The geometric housekeeping-excess decomposition can be performed perfectly in the same way as in MJPs.
Section 6.4 explains the geometric housekeeping-excess decomposition in CRNs by replacing p with €. In this
section, instead, we review the problem of the Hatano—Sasa decomposition in CRNs, which will be overcome
by the geometric decomposition.

The HS decomposition is defined for CRNs by [26, 27]

ERHS(@) 1= (J(@), (@), (7.64)
£HS(@) 1= (J(€), F(E) — F(E*)). (7.65)
When J* is provided by the mass action kinetics, we can show that (cf. Eq. (4.19))

SEHS(E) = —R O DEDIEEG)),_, (7:66)

where D(c||c") = 3] cq In(ca/ct) — cq + Ci is the generalized KL divergence and ¢%%(s) is the instantaneous
steady state. This is proved as

0 L s ac c IR c 1 IR IR N
=DEDNESE)] _, =D =E =& =Y L) Veg In-& = == > LEO)ER) — BC)),
ot s=t - & ot ¢ > = cy R £

where the last equality follows from Eq. (7.50). The positivity of the HS excess EPR can be proved if ¢ is
complex balanced, BJ (C%%) = 026, 27]. However, if the complex balance is violated in the steady state, which
is often the case with CRNs with non-zero deficiency, the HS excess EPR becomes negative [59].

On the other hand, the geometric excess (and housekeeping) EPR is always non-negative, as is obvious from
the definition

30K(@) = min |F(©) - F'|2 (7.67)
F'e®
$eX(@) = min |F'|2 st VILE)F = VTI(©), (7.68)
F/

where 6 = im V. Even if there is no stable steady state, we can interpret the excess EPR as the minimum EPR
to cause the instantaneous dynamics.



64 CHAPTER 7. CHEMICAL REACTION NETWORKS

In Ref. [19], we gave this geometric decomposition, which was the first proposal of housekeeping-excess
decomposition that applies to general nonlinear systems. Soon later, an independent study [59] and our another
paper [60] revealed that we can conduct such a decomposition by using nonlinear relations between forces and
currents. While the nonlinear formulations look better than the present definition based on the linear Onsager
relation, the situation is not so simple. The method in Ref. [59] needs to first split the total EPR into two
convex functions (let us call them 1 and 2), decompose them into houskeeping and excess parts (so we have
hk1, ex1, hk2, and ex2), and combine them to define the decomposition (i.e., hk=hk1+hk2, ex=ex1+ex2). This
procedure makes it difficult to obtain thermodynamic inequalities. On the other hand, although Ref. [60] leads
to nonlinear and thus tight inequalities with a sophisticated definition of decomposition, the diversion to other
kinds of system is still elusive. Hence, to clarify the coherent structure among nonequilibrium systems and get
trade-off relations, the linear formulation can be the best avenue.

7.4 Thermodynamic trade-off relations

Inequalities similar to the TUR and TSL are proven to be available in our previous study [18], and the general
framework can generalize them.

7.4.1 Thermodynamic uncertainty relation

In Ref. [18], we proved the inequality

> (dica)?
33) > RDM(E)’ (7.69)
where
Dag(@) = 5 3, VaeV el @) + 1 (@) (7.70)

is called the scaled diffusion coefficient. When we consider the system-size expansion of the chemical master
equation, microscopic description of CRNS, this quantity divided by the volume parameter appears as the dif-
fusion coefficient matrix [137—139]. Thus, we can interpret ﬁaﬁ as the measure of the intrinsic fluctuation in
the CRN.

On the other hand, the general inequality (5.29) provides

> |<dta O>|2

TeX(E) > A (7.71)
IVOI?
As in the MJP case, we can show
9112 1 +(? —(2 912
IVOIE < o 20 @) + I (E)IVOL (7.72)
e
by the hierarchy between means (6.32). We also realize that
1 > o = 2 o~ 502 ~ -
5 D UFE@) +IE@)IVOLE = (0,D(@)0) =: Dp(@), (7.73)
e

which generalizes the diffusivity in MJPs (6.78) to CRNs. As a result, we obtain the generalized version of TUR

(d,C, O)2

$eX(@) > R o) (7.74)

With Oy = 8414, it leads to Eq. (7.69).
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Figure 7.1: (Adapted from Ref. [19]) Time evolution of the concentration in the Brusselator model. The blue
star indicates the unstable steady state. On the trajectory, the part colored in yellow indicates high excess EPR.

7.4.2 Thermodynamic speed limit
The generalized Wasserstein defined for MJPs also works in CRNss: it is defined by [19, 110]

T
W(Ea, ety = iqf\/ T f IVEO)I12,dt (7.75)
[RY 0
with conditions
d0) =22, &r) = 2P, % = VTLE) V(D). (7.76)

The distance is finite only if ¢ and ¢ b are on the stoichiometric manifold (otherwise, they cannot be connected
by the continuity equation). With this quantities, we obtain the TSL [19]

1% > W(Z0), &(1))2 (7.77)

7.5 Example

Here, we numerically observe the housekeeping-excess decomposition in a model of chemical oscillation. We
adopt the Brusselator model given in Eq. (7.23). We assume the mass action kinetics and set the (apparent) rate
constants k; = k; = k_; = k_3 = 1, k;, = 10, and k_, = 0.1. Then, the time evolution of the concentration
distribution ¢ = (cx, cy)T is obtained by solving

dc

d—f =1—cx — 10cx + 0.1cy + ckcy — ¢,

dc

d_tY = 10cx — 0.1cy — ckcy + cx. (7.78)

This CRN has an unstable steady state ¢¢ = (1,10)T. The time evolution given by numerical integration is
shown in Fig. 7.1. The system shows a limit cycle where concentration oscillation is permanently sustained.

We also compute the housekeeping and the excess EPR (Fig. 7.2). The advantage of the geometric decompo-
sition is that it does not refer to any steady states unlike the HS decomposition. Now, we do not have physically
meaningful steady states, so we cannot define the HS decomposition. If we wrongly adopt the unstable steady
state, we will obtain physically unreasonable negative values (shown in the lower panel of Fig. 7.2).

The computed EPRs suggest a connection between the excess EPR and the dynamics. In Fig. 7.2, the
squared norm of dc/dt is plotted in arbitrary units. This quantity and the excess EPR have two peaks at the
same time, whereas the EPR and the housekeeping EPR have only one. This correlation is reasonable because
the excess EPR gives the minimum dissipation to induce the (apparent) dynamics. The region on the trajectory
where the excess EPR becomes large compared to the housekeeping one is colored in yellow in Fig. 7.1.
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Figure 7.2: (Adapted from Ref. [19]) Decomposed EPRs in one period of oscillation. In the upper panel, we
show the time evolution of EPR, housekeeping EPR, and excess EPR. In addition, we plot the squared norm of
dc/dt in arbitrary units. We can confirm the correlation with the excess EPR. This is consistent with the fact

that the excess EPR is supposed to reflects nonstationary aspect of the system. The bottom panel shows the HS
excess EPR defined with a wrong stationary state, which exhibits negative values.



Chapter 8

Hydrodynamic systems

In this chapter, we consider macroscopic hydrodynamic systems described by the Navier—Stokes equation.
CRNs and hydrodynamic systems are two of the main subjects of the historical field of nonequilibrium thermo-
dynamics called irreversible thermodynamics [12]. We discuss how a force-current structure is established in
this system, which recasts not only studies in irreversible thermodynamics but also an older result, the Helmholtz
minimum dissipation theorem.

8.1 Notation

For two d X d matrices A and B, the Hilbert-Schmidt inner product is defined by
A:B:=) A;B; = tr(ATB), (8.1)
Lj

where tr is the trace. The colon indicates dot product over two indices. We write the induced norm YA : A
simply as |A].
We can decompose a matrix A into a symmetric and an anti-symmetric part by

A+ AT A—AT
S a —
A=— A=— (8.2)
The symmetric part can be split further into the identity part (tr A)l/d and the traceless part
ASt = As — %(trA)I, (8.3)

where | is the identity matrix. Note that the anti-symmetric matrix is always traceless. It is easy to see that this
sepearation leads to the decomposition of the inner product

1
A:B=AS:BS+A2:B*=A5:Bst ¢ a(trA)(tr B) + A% : B2. (8.4)

For a vector field u(x), we define its gradient Vu(x) as a tensor field with elements 6;u;(x) (J; == 0/9x;).
The dot product between tensor field A(x) and the differential operator V gives a vector field with elements

[V-AX)]; = Ej GA;i(x).
8.2 Dynamics

8.2.1 Setup

We consider a compressible Newtonian fluid in a region Q ¢ R? with boundary dQ [140]. For simplicity, we
assume Q is connected and bounded. We define n(x) as the normal vector at x € dQ directed to the external
region; thus, the Gauss theorem is provided as

fV-u(x)dV=f u(x) - n(x)ds. (8.5)
Q

0Q

67
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We explain what “compressible” and “Newtonian” mean soon later.

The system is described by the density field p(x) € R, and the velocity field v(x) € R4 (x € Q). We
allow the fluid to cross the boundary, so v(x) - n(x) may not vanish in general. The dynamics is given by the
continuity equation of density

P %)= -V () (8.6)

and the Navier—Stokes equation [140, 141]

BB (X) = V- 0 (x), (8.7)

where D/Dt is the material derivative defined by

D 0

and 0y, ,, is the stress tensor. For compressible Newtonian fluids, it reads

Op,0(X) = —=p(P(XDI + [{(p(x)) — %/x(p(x)) (V- v(@)l + 2u(p(x))Viu(x). (8.9)

Here, p(p) is the pressure determined by the density, {(po) the volume viscosity, u(p) the shear viscosity, and
VS the symmetric gradient defined by

Vu(x) := [Vu(x)]s. (8.10)
We define the second viscosity coefficient 1 by { — (2/d)u to write the stress tensor simply as

Tp,0(X) = —p(P(X))I + A((X))(V - v(X)I + 2u(p(x))Vou(X). (8.11)

In addition, we note that the stress tensor has another expression

Tp.0(%) = =p(e(NI + {(p())(V - L + 2u(p(x))[VL]* (). (8.12)

Compressibility is defined as being not incompressible, which is defined by the condition V - v(x) = 0.
As usual, when discussing incompressible fluids, we also assume homogeneity Vo(x) = 0, which results in
d;0(x) = =V - (o(x)v(x)) = 0. Then, ¢ and u become constants'. Thus, if the fluid is incompressible, the
stress tensor becomes much simpler as

Gp,u(X) = —p(X)l + 2uVSv(x). (8.13)

The condition V - v(x) = 0 implies that VSv(x) is traceless.

Newtonianity means that ¢ and u are independent of the velocity gradients Vu. It is usually violated in
polymeric fluids, where non-Newtonian viscosity arises from the slow relaxation of internal degrees of free-
dom [142, 143].

We allow the boundary to move. Let v,,(x) denote the velocity at x € Q. Then, the time derivative of a
spatial integral of a time-dependent field f,, ¢(x)dV has two contributions: first, there is a contribution from
the integrand,

f a—¢(x)dV. (8.14)
o Ot
In addtion, we also have a contribution from the boundary

f¢m%mwmw. 8.15)
aQ

'But p does not. This is because the deviation from the constant value p(© = const.) becomes relevant.
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Therefore, we find
%fqﬁ( )dV = f (x)dV+f P(x)v,(x) - n(x)dS. (8.16)
30

This is called the Reynolds transport theorem [ 144]. If we adopt the no-slip boundary condition, the wall velocity
v, should coincide with v. If the region is moving at a constant velocity —V, we have v,,(x) = —V at any
x € 90Q, e.g., when Q is the outside of Q¢ and Q€ is the body of a microswimmer moving at V.

When ¢(x) is of the form p(x)Q(x), the continuity equation of density (8.6) leads to the formula

G | peeeaav = [ e flemav - [ 0wt -vuto)-neods. .17
Q 0Q

because

.[)a(pQ)( x)dV = fg dV+f thV
/Q f V- (p)Qdv

9Q
_fp[ 3 +v- VQ]dV /anQv-ndS,

where we used the Gauss theorem in the third line. We omitted the spatial dependence in the above calculation,
which we also do in the following if there is no risk of misunderstanding.

8.2.2 Continuity equation

Although we have a continuity equation of density (Eq. (8.6)), Equation (8.7) does not possess the form of
continuity equation (3.1). It turns into a continuity equation if we define the momentum current by

=PV UV —0p,, (8.18)

where [v ® v];; = v;v;. Then, the Navier-Stokes equation is rewritten as

dpv
% = V- J,, (). (8.19)
because
Dv  Jv _ dpv dp
pD—t—pE+pv-Vv— 3 vat +pv-Vu
= a'a.;tv+vv-(,ov)+pv-Vv= a‘a.;tv+V-(,ov®v).

Equation (8.19) is valid even if the fluid is incompressible with o, ,, replaced with &, ,, (Eq. (8.13)).

Now, we have continuity equations (8.6) and (8.19); however, the currents in these equations do not neces-
sarily provide irreversible contributions. We can judge whether a term in an equation of motion is reversible or
not by considering time reversal. For the continuity equation of density (8.6), both terms flip their signs when
we perform time reversal t - —t and v — —v, which means the equation is totally reversible. On the other
hand, under that transformation, the terms of the Navier—Stokes equation (8.19) behave as

6pv dpv
ot ot
pL @ v + p(p)l = pv @ v + p(p)l,

—A(p)(V - V)1 = 2u(p)V3v — A(P)(V - )l + 2u(0) V0.
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Therefore, the Navier—Stokes equation includes irreversible terms; the momentum current is split into into the
reversible and irreversible parts as

Jop=Jdp0 + J;,”v, (8.20)

I =pv® v+ plp)l, (8.21)

It = —2(p)(V - v)I — 2u(p)VSv. (8.22)

Finally, the continuity equations turn out to have the same structure as Eq. (3.1) with the correspondence

x < (p,v) (8.23)

frx) o (- V- (ov), -V - I5Y (8.24)

Vo (@, -V-) (8.25)

J(x) & (@, Ju). (8.26)

When the fluid is incompressible, p falls into a parameter. The momentum current and its irreversible
component are given as

Jop =I5V + J0L with I = —2uVS0. (8.27)

8.2.3 State space, force space, and gradient operator

When considering thermodynamics, Jlrr will be the unique source of irreversibility. Because it is only related
to the dynamics of the velocity field, we focus on the space of velocity fields and consider the density p as
given. We set § to a space of vector fields with certain smoothness. As the irreversible current is a symmetric
tensor field, we can think of defining F to be the space of symmetric tensor fields. These spaces are equipped
with the usual inner products; for two tensor fields J and J’, we define

(3, = f I(x): Y (x)dv. (8.28)
Q

To be more careful, we would need to consider separately the space of currents and that of forces, one of which
is the dual space of the other. It is also required to treat J;(ov) as a linear map u = i, J : Vu dV rather than just
a vector field. However, since such mathematical rigorousness does little good to physics, we do not consider
this point except Sec. 8.4.

Having said that, the domain of the gradient operator V does matter. To get the correspondence V* « —V-,
we need to define V by

V:Syowr ViweF (8.29)
with
Sp:={we S, | wkx)=0 ifx € 0Q}. (8.30)
Then, for any w € §, and J € F, we have
(V3w, J) = (w, -V - J) (8.31)
because
(VSw, J) = % f Z(a w; + Gw;)J;;dV

l\)l»—l

wajaJUdv+ D wyd UndS waaJUdv+ ZwiJijnde)

oQ i,j 9Q i,j
——waiéjJijde(w,—V-J>,
Q i,j

where we used the Gauss theorem in the second line and the symmetry of J in the third line. The boudary term
is removed because u € §},. We note that while the gradient operator is defined on &}, the adjoint maps F to a
wider space, as is often the case with unbounded operators.

As the domain of V is set to &}, its kernel becomes trivial; i.e., Vu = 0 implies u = 0. This means that we
have no nontrivial conservation law.
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8.3 Thermodynamics

8.3.1 Local equilibrium assumption

The Navier—Stokes equation implicitly assumes local equilibrium; it includes pressure that depends on the den-
sity, the existence of which is a typical consequence of the local equilibrium assumption [12, 141]. We further
suppose that the temperature is homogeneous, which has also been assumed by writing the Navier—Stokes equa-
tion as in Eq. (8.7); otherwise, parameters depend on the inhomogeneous temperature, and we need to deal with
thermal transport.

The local equilibrium assumption also allows us to define the specific entropy (entropy per unit mass, which
we also call entropy density) [12]

s(x) = s(u(x), p(x)) (8.32)
by
s(U/N,N/V) = Stp(U, V,N)/N = Stp(U/N, V/N, 1), (8.33)

where Stp (U, V, N) is the macroscopic entropy function and the second equality follows from the homogeneity
of Stp. The internal energy density per unit mass u gives the total energy density by

1
e=u+ §|v|2, (8.34)
where the second term represents the kinetic energy. The entropy density satisfies the thermodynamic relation
_1 P, 1
ds = Tdu + po (8.35)

because of the macroscopic relation TdS = dU + PdV —udN. From the Lagrangian perspective, it is translated
into [140]

Ds _1Du  pDp!

Dt TDt T Dr (8.36)
8.3.2 Entropy production rate and thermodynamic force
Given the entropy density, we can compute the EPR. First, the system entropy is given by
S = f p(x)s(x)dV. (8.37)
Q
Its time derivative is computed with formula (8.17) as
95 _ [ oDSay — [ o)see)mx) — vy(x)) - n(x)ds. (8.38)
dt Q Dt 50

The entropy change in the environment also consists of the boundary entropy outflow from Q and the local
heat dissipation as

1 .
Seny = | pLIs0)(00) — 0,0 - m)ds - . [ aav, (839)
3Q Q
where the heat influx ¢ is given by the first law of thermodynamics as
. De .
q=pp, W0 (8.40)
with work rate w due to viscosity

wx)=V- (ap,v(x) - v(x)), (8.41)
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which yields the total work on the boundary

W= f wx)dV = f v(x) - [0,,(x) - n(x)]dS. (8.42)
Q 50
Thus, we can define the EPR as
. as . Ds 1De 1
B = 2 + Seny = fﬂ p(a - TE)dV +a /a RORCRORIE (8.43)

Using the thermodynamic relation (8.36) and the definition of the total energy (8.34), we find the relations

Ds 1De 1 Dv  pDp™

T8 Dt " T Dt °

(8.44)

Dt TDt
The terms on the right-hand side can be transformed as
Dv
pU- o =0 [V 0] (8.45)
from the Navier—Stokes equation and
Dp™'  1Dp  1(dp 1 B
P—p; = ToDr __E<§+v Vp>——E(—V (pv)+v-Vp)=V-.v (8.46)

due to the continuity equation. Thus, we obtain

. 1 1
200 = TL(_U [V-0,,]+pV-v)dV + T-/a‘gv - [0p,, - m]dS

S

'/(Vv:ap,v+pV-v)dV
Q

=1 [ v imgy

= ) Vi dnd,

where the last line follows from the definition of o, , and Jg’rv. Due to the symmetry of J},r,rv, it can be further
written as

. 1 .
Sow="7 f VSv:Jitdv. (8.47)
Q

Its positivity immediately follows from

~Su: 3 = V0 [[£G60) = Zu(@)|(V - o)1 + 2u() S

= [(vo)st + é(v )| [¢oX(V - o)1 + 2u(p) (T
= 2u(p)(VL)1 : (Vo)stl 4+ ¢(p)(V - v)? > 0

because the viscosity coefficients are positive. Finally, equation (8.47) reveals that the thermodynamic force
should be given by

F, = —%st. (8.48)

As a consequence, we find the formula (3.7) in hydrodynamics

Do = (JULFy). (8.49)

The thermodynamic force (8.48) is connected to the irreversible current as

JI = TA(E)(tr F)l + 2Tu(o)F,. (8.50)
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Thus, we can define the Onsager operator by

I, : F' = TA(p)(tr F)I + 2Tu(p)F', (8.51)
which is positive and symmetric because

1

FLTED = 7 [ [)E D F0 4 Lo F]av.
Q

It establishes the third relation (3.8) of the force-current structure. Consequently, the EPR is given by
Zow = IFol3, (8.52)
where the norm ||+, is induced by the inner product
(F',F")o = (F', TI,(F")). (8.53)
The EPR vanishes when F,, = 0 holds, which means Vv is anti-symmetric:
d;v; = —dv;. (8.54)

This condition is satisfied, for example, when the system is rotating as a rigid body; Let d = 2 and the system
rotates around the origin at angular velocity w. Then, the velocity at x = (x, y) is

v(x) = (—wy, wx). (8.55)

Thus, we have d,v;, = —d,v, and no dissipation occurs.

8.3.3 Incompressible case

Even for the incompressible systems, the ERP is obtained as

. 1 i 2u
S fﬂ vsu: Jdv = 2 /Q VSu: Vpdv. (8.56)

Thus, the thermodynamic force is defined in the same way, and we find the Onsager relation

It =TI,(F,) with I, : F' > 2TuF. (8.57)

8.3.4 Conservativeness

Consider a situation where v,,(x) = v(x) for all x € dQ and v,,(x)-n(x) = 0; i.e., no slip occurs at the bound-
ary and the position and the shape of dQ do not change. This situation is often discussed in hydrodynamics.
Then, take arbitrarily a velocity field v, such that vy(x) = v, (x) on Q. It decomposes the thermodynamic
force as

F, =F,— Vi, (8.58)

where

U —10y
T

1
Fo= —2VS0 @, = (8.59)

Since v is mapped to @, in a reversible manner, this expression shows that the thermodynamic force can satisfy
assumption C1 of Sec. 3.3. Although this is quite a formal discussion based on an arbitrary velocity field v,
following Sec. 3.3, we find that the following statements are equivalent:

(1) There is a velocity field % such that p(x) = 0 on dQ and F, = —V54.

(2) There exists a velocity field u such that J},rﬁl =0.
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8.3.5 Cycles

Formally, we can define “cyclic tensor fields” by
v.-J=0. (8.60)

However, properties of such tensor fields are not yet well understood, and further research is awaited in the
future.

8.4 Housekeeping-excess decomposition

8.4.1 General results

Hydrodynamic systems often exhibit turbulence and steady states become hard to obtain [69, 145]; hence,
we cannot hope that techniques based on steady states would be useful. On the other hand, the geometric
housekeeping-excess decomposition is available even in such cases because it only relies on the force-current
structure [20].

The geometric decomposition deals with projection of forces in a linear (functional) space, so we need to
choose properly what space to discuss. Not every symmetric tensor has the form —TV5u, so we need to restrict
F to a narrower space. We re-define the space of forces F* by

Fr={-VS |1 : Q- R, (8.61)
Then, the conservative subspace 6 and its orthogonal complement 6+ are defined by

6 :={-V5¢ | p(x) =0, Vx € 9Q}, (8.62)
€t ={F € F* |V -II,(F) =0}, (8.63)

where the condition of 6+ is given in this way because
(=V54,F)p = (¢, V - TI,(F)

and it becomes zero for any ¢ only if V - T ,(F') = 0.
The housekeeping EPR is provided by

-hk ._ : 12
2op = F}relf%HFv —F5- (8.64)
It vanishes when v satisfies
VS(w/T—-¢)=0 (8.65)

with some ¢. Then, there exists a velocity field, u := v — T, that satisfies the same boundary condition as v
and provides zero dissipation = ou = 0 forany p. That is, the housekeeping EPR becomes zero if the boundary
condition imposed on v allows such an “equilibrium” velocity field. This is prohibited, e.g., when the boundary
exerts permanent shear to the system, like in a flow between two plates moving in the opposite directions. Then,
the housekeeping EPR becomes finite, evaluating the dissipation due to boundary movements.

If the boundary velocity is zero, or if the system does not have a boundary, like those with the periodic
boundary condition, the housekeeping EPR is identically zero. This can be the case, for example, in homoge-
neous isotropic turbulence [69].

The excess EPR is also given as

2EX, 1= Fg IF3, st V-I,(F)=V-Ji, (8.66)
As the condition only involves the irreversible part of the continuity equation, it only means that F’ reproduces
the dissipative portion of the total motion. The orthogonal complement of ‘6 provides the excess EPR with
another expression

Sex 3 B2
200 = Fllenél”F,, Fl5. (8.67)
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8.4.2 Incompressible case

When the system is incompressible, the space of forces is changed into
Fr={-VS%|9p: Q> RI V.9p=0L (8.68)
Then, the conservative subspace becomes
G :={-V¢ | $(x)=0, Vx €0Q; V-¢ =0} (8.69)
Consequently, the orthogonal complement significantly changes as
€t ={FeF |3q: Q- Rs.t V-T,(F)=-Vq} (8.70)
because, when F' = —V5¢,
(F,=V3¢), = (V- TI,(-V°9), ¢)

and it is zero for any ¢ satisfying the conditions in Eq. (8.69) if and only if there exists a scalar field q such that
V - 11,(—V5%) = —Vq. In fact, then we have

(V-T,(~=V%9),¢) = ~(Vq.$) =(q. V- ¢) = 0,

where the second equality is due to the boundary condition on ¢ and the last one due to the incompressibility.
The definitions of the housekeeping and excess EPRs are valid as in Egs. (8.64) and (8.67). Equation (8.66)
can be modified and rewritten as

5= inf [FI2, st 3gstV-T(F)+Vq=V- (8.71)
1
== 13f||—vsv’||f,, st. V-v' =0&3gs.t. —uV' +Vq = —uVav. (8.72)

8.4.3 Stokes equation

The condition of Eq. (8.70) reduces to the Stokes equation [146, 147]. The Stokes equation is usually stated as
a differential equation for v and p as

uVv=Vp, V-v=0. (8.73)
It is derived from the Navier—Stokes equation for incompressible fluids
p%—lt) =-V-(ov® v+ pl) + 2uV - (VSv). (8.74)
By using the incompressibility, the right-hand side can be transformed as
—V - (oo ®@v + pl) +2uV - (VSv) = —pv - Vv — Vp + uV2v.

Setting dv/0t to zero and neglecting the convection term pv - Vv, we obtain the Stokes equation (8.73). Ne-
glecting the convection term is justified when the Reynolds number is small®.
The condition of 6" is rearranged into the Stokes equation because

—-Vq =V -M,(-V3%) = —2uTV - (V5¢) = —uTV?>3, (8.75)

where we used the incompressibility of 1 in the last equality.

It is worth noting that pressure p in the Stokes equation is determined by v. By taking divergence of the
Stokes equation, we find the Poisson equation, VZp = 0. Given a velocity field v, the equation uV?v = Vp
provides a Neumann boundary condition, with which V2p = 0 can be solved.

2Reynolds number is defined by the ratio of inertial forces to viscous forces. One important class of low-Reynolds-number systems
is microswimmers, such as bacteria moving in water.



76 CHAPTER 8. HYDRODYNAMIC SYSTEMS

Moreover, the solution of the Stokes equation is unique for each boundary condition on v. Let a velocity
field v satisfy v = vy, on dQ and v, be a solution to the Stokes equation. Then,

/xf |Vu|2dV = ,uf V(v —vy) + Vo, |2dV
Q Q

= /,cf V(v —v,)2dV + ,uj VU, |?2dV +2u | V(v—1v,): Vo, dV
Q Q

J
J

= ,uf V(v —v,)PdV + ,uf Vo, |[2dV —2u | (v—1v,) V- [Vu,]dV
Q Q

= pcf V(v —v,)|?dV + ,uf |Vu,|2dV — Zuf(v —v,) - Vu,dV
Q Q Q

=,uf |V(v—v*)|2dV+,uf |Vv*|2dV—2/,tf(v—v*)-VpdV
Q Q Q

=uf |V(v—v*)|2dV+,uf |Vv*|2dV+2,u‘/V.(v—v*)pdV
Q Q Q
—i [ M@= v0Pdv +u [ [Voupav,

Q Q

where we used the boundary condition and the Gauss theorem in the third and sixth lines, the incompressibility
in the fourth and last lines, and the Stokes equation in the fifth line. Therefore,

,u/ |Vv|2dV2,uf Vo, |2dV (8.76)
Q Q

and the equality holds only if V(v — v, ) vanishes everywhere. Because v and v, coincide on the boundary,
they must be identical; i.e., the solution to the Stokes equation is unique.
The above inequality can be proved if we replace V with V3. Thus, we have revealed (cf. Eq. (8.56))

S>3

PV = FP,Ux"

(8.77)

That is to say, among incompressible velocity fields with a fixed boundary condition, the solution to the Stokes
equation provides the minimum dissipation. This is known as the Helmholtz dissipation theorem [140, 148].

8.4.4 Minimum dissipations

We continute to consider incompressible fluids. In Ref. [20], we have shown that

b = Zou, (8.78)
when the fluid is incompressible. This is easily proved by referring to the general property of the orthogonal
projection. Let F. = —V¢* be the conservative force that provides the housekeeping EPR as

EBK = |IF, — F|I2. (8.79)

The nonconservative force F,. = F, — F, is written as F,. with

1
e
v :=v T¢ ) (880)

which allows us to write Zgli, = Ep’v*. This velocity field satisfies incompressibility and coincides with v on
the boundary because ¢* = 0 there. Moreover, since F,. belongs to €, there exists a scalar field q such that

V- [1,(V30*) = uTV?0* = vq. (8.81)

3This is a consequence of the orthogonal projection; but we can directly prove (F/, Fnc)p =0foranyF € 6.
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Therefore, v* satisfies the Stokes equation. Because the Stokes equation has a unique solution, we see v* = v,
and Eq. (8.78) is shown.

Equations (8.77) and (8.78) reveal that the housekeeping EPR we defined provides the minimum dissipation
under a fixed boundary condition. On the other hand, neglecting the convection term also enables us to inter-
pret the excess EPR as a genuine minimum EPR. The excess EPR was given as the minimum under a kinetic
constraint in Eq. (8.71). If one can always neglect the convection term v - Vv, Eq. (8.71) turns into

%, = inf |F'|2, st 3gst. p(g—l; =-Vq—-V-1I,(F) (8.82)

P preg

because

Pressure gradient Vp is absorbed in Vq. Therefore, Eq. (8.82) shows that the excess EPR is the minimum
dissipation to induce the dynamics with the aid of a pressure field g.

8.5 Thermodynamic trade-off relations

In hydrodynamic systems, there are few established results on thermodynamic trade-offs except an inequality
we found in Ref. [20]. In this section, we explain that result and provide the derivation.

8.5.1 Thermodynamic uncertainty relation

The general result (5.29) provides an inequality for hydrodynamic systems as

. (V- 0%, )

XX > for an s.t. P(x) =0, Vx € 0Q, 8.83
P,U Ap(¢) y 4) ¢( ) ( )

where

Ap(P) = (V59h, T, (V5h)). (8.84)

The condition that p = 0 on the boundary is required for % to be in the domain of the gradient operator.
Formally, Eq. (8.83) is similar to the short-time TURs, but further discussion is required to understand the
physical meaning of the quantities.

In Ref. [20], we consider how Eq. (8.83) can be understood as a TUR. If we further assume 1) to be divergence
free (V - ¢ = 0), we can derive the inequality

2

58> oo fﬂ | 20— pv- 2E|av). (8.85)

where Umax = maxyeq 4(p(x)) and |Vi|? := Jo |V(x)|>dV. We may interpret the denominator as the
quantity of fluctuations by system parameter uy,,, T and the spatial variation ||V1|. This interpretation is also
supported by the fact that the viscosity coefficient is determined by the Green—Kubo formula [149]. The nu-
merator indicates a kind of changing rate of (ov, ¥) because

9 d
La(,ov -P)dV = EfQ(PU -P)dv (8.86)

when the place and shape of Q do not change (v, - n = 0) due to Eq. (8.16). We have an additional contribution
pv - (Dy/Dt), which can be interpreted as subtracting a convectional aspect of the change in (ov, 9). This term
will vanish if 1 is given as

P(x, 1) = a(P;'(x)) (8.87)
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with a vector field a and the so-called pathline &. The pathline is defined as the solution to

2,x) = 0(@, (), 0 (5.58)

and represents the position of a particle at time ¢ that started from x.
First, we prove that when % is given as in Eq. (8.87), pv - (D/Dt) becomes zero. We can show Dyp/Dt = 0.
By the chain rule, we have

9 0d; 1 (x
=P, 1) = 0% (). [Va](@; ' (x)). (8.89)
ot ot
The time derivative of @;1(x) is given by
8P (x) = —v(x, 1) - VB (x). (8.90)

To prove this equality, we first confirm that for any y,
y = &7H(P,(y)).
Thus, by taking the time derivative, we get

0= [0,271(@(¥)) + 0, 2:(y) - VO (P,(») = [0,D7 1(@1(¥)) + v(@(¥). 1) - VB (P,(¥)).
By setting y = ®;1(x), we obtain Eq. (8.90). Therefore, we finally find

%gtb = 0,7 (%) - Va(P; ' (x)) + v(x, 1) - V@' (x) - Va(P; ' (x)) = 0,

where we used Eq. (8.90) in the last equality.
Next, let us derive Eq. (8.85) from Eq. (8.83) by using the divergence free condition V - = 0. The
denominator in the right-hand side of Eq. (8.83) becomes

8, =27 [ u(p(e)I TSPy
Q
because tr(VS¢) = V - ¢ = 0. By the inequality u(o(x)) < tmax, We get
8) < UtmT [ VPPV,

Q

Further, we find

Do) < pmax TV (8.91)

because

[ wsueorav =13 [ @+ gurav
Q Q

i,j

- %Z (O + o)dV

ij /O
1
<15 [ aernar
ij JQ
1 2 1 2
=33 | Grav = Ivyl?
ij JQ

where we used symmetry in the second line and the divergence-free condition and the boundary condition in
the third line.
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Housekeeping Excess
/\//
" |
— + | eoe /T siny
Couette '
flow |
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T T ~C - ,' >-c
S = [|Fuclf? 2% = |||

Figure 8.1: (Adapted from Ref. [20]) Decomposition of the dynamics and the EPR in a shear flow. The entire
motion is split into the Couette flow, which is a stationary flow, and a perturbative component. This seperation
perfectly corresponds to the housekeeping-excess decomposition in this simple solution.

The continuity equation of momentum (8.19) rewrites the numerator as

(=V - JI%, ) = (3,(pv) + V - I, ).

The term including the reversible current is further reformed as
V- IEL ) = ~UELVH == [ (v @ v+ ploI): T
Q
—- [ ol mpiav,
Q

where the second line is proved by using | : Vi = V - 1 and considering the summation carefully. Thus, we
find

V-39 = [ (G 9-pv-le-vl)jav

3 dpv oy o

_ fQ (%(pv.tp)_pv.%)dv. (8.92)

Applying the results in Egs. (8.91) and (8.92) to Eq. (8.83), we obtain Eq. (8.85).

8.6 Example

We illustrate the decomposition through a toy model of shear flow in Q = S! x [0,1] (S* is the 1-sphere of
length 1. See Fig. 8.1). The boundary is composed of the top and the bottom line, Q = S! x ({0} U {1}).
We fix the bottom S x {0} while letting the top S! x {1} move in the x direction at rate . We assume the
no-slip boundary condition, i.e., every velocity field should satisfy v(x,0) = (0,0)T and v(x,1) = (7,0)T.
Let the initial density and pressure be uniform and the initial velocity field be the Couette flow (yy,0)T plus
the perturbation (g, sin(27ry),0)T. The ansatz p(t,x,y) = p(const.), p(t,x,y) = const., and v(t,x,y) =
(7y + €(t) sin(27y), 0) solve the Navier—Stokes equation with €(t) = ¢e/" (t = p/(4mu)) because the
Navier—Stokes equation turns into

47; i e(t), (8.93)

() = —



80 CHAPTER 8. HYDRODYNAMIC SYSTEMS

which is because plugging the ansatz leads to

Dv  (pé(t)sin(2mry)
Pr = ( 0 )

and

—(27)? '
Therefore, in this solution, the fluid motion relaxes to the Couette flow. Note that this is just a solution of a
partial differential equation, the Navier—Stokes equation, and tells nothing about uniqueness or stability. If the
shear is rather fast, the fluid will exihibit turbulence.

For this solution, the thermodynamic force becomes

7+ 2me(t)cos(2my) (0 1
Foo(t:X,y) = ST 1 o) (8.94)
The housekeeping is obtained by the optimization
Sk = Inf|Fp, — (~VSu)/T|3 (8.95)

1
=1 inff dyf dx[z,u{(axux)2 + (Oyuy)?} + Ayt + Oyuy)? + pu{dyuy, + dyuy — y — 27e cos(27ry)}2],
* Jo st

oT
(8.96)

where u must vanish on dQ. By taking the functional derivative with respect to u, and uy, we find the solution
to the optimization must satisfy

—2ud2u, — 20, (d,u, + dyuy) — ,uay{axuy +dyu, —y — 2me cos(27ry)} =0, (8.97)
—2103uy, — A8y, (Bxuy + Oyuy) — udy{dyuy, + dyu, — ¥ — 27e cos(2my)} = 0. (8.98)

A solution is given by
u, = esin(2wy), u, =0. (8.99)

It is not the unique solution, but the resulting force —VSu/T is unique because Eq. (8.95) is strictrly convex
regarding —VSu/T. This solution corresponds to the perturbative part in the velocity field. Thus, the conserva-
tive force represents the perturbative, decaying component in the whole dynamics, while the nonconservative
force is associated with the Couette flow (see Fig 8.1).
As aresult, the excess and housekeeping EPRs are given by

SBE = uy?, 5%, = 2mPedue /T, (8.100)
As expected from the above discussion, the housekeeping EPR expresses the steady dissipation in the Couette
flow. On the other hand, the excess EPR is proportional to the squared perturation, €(t)?, and approaches zero
as the system relaxes to the steady flow.



Chapter 9

Markovian open quantum systems

The final chapter discusses Markovian open quantum systems. Open quantum systems are influenced by envi-
ronments and evolve not unitarily. Markovian approximation enables us to describe the dynamics by an ordinary
differential equation of the density matrix. Assuming thermal relation on the interaction between the system
and the environments, thermodynamics can be established in this system.

9.1 Dynamics

9.1.1 Setup

We consider a quantum system with Hilbert space J attached to single or multiple environments, like a heat
bath at inverse temperature 8. Let H denote the Hamiltonian of the system. We also write the Hermitian and
the anti-Hermitian operators on JH by herm(#() and anti(#(). The general space of linear operators is written
as opr(H).
We assume the density matrix p (0 € herm(J(), trp = 1, o > 0') obeys the quantum master equation [13,
150, 151]
% - Lt 01+ Do) ©.)
ETI il ), '
where % is the reduced Planck constant, [A, B] = AB — BA is the commutator, and D(p) the dissipator defined
as

D(p) = D’ Dilp)

kek
: 1oy S T
with - Dy(p) = n| LipLi = 5{LicLis P} ) + Vo L-rPLye = S{L_i Lk P} ). 9.2)

Here, k € K labels jumps, {A, B} = AB + BA is the anti-commutator, and %, > 0 and L, € opr(¥) are jump
rates and jump operators satisfying L_; = LJ;{. The last condition represents the reversibility of the jumps, which
was assumed in MJPs and CRNs, and is crucial for thermodynamic consideration. We assume the number of
jumps |K| is finite. Additionally, we define K, := K U {—k | k € K}. The quantum master equation is also
refered to as the Lindblad equation or the Gorini—-Kossakowski—Sudarshan—Lindblad equation.

The adjoint of the dissipator is also introduced

D*(X) = ). Di(X)
kek

. 1 1
with  Di(X) := yk<LJ§{XLk - E{L];{Lk,X}) + y_k<LT_kXL_k - E{LT_,{L_,{,X}) 9.3)

It is derived by (X, Dy(p)) = (D(X), p), where (4, B) = tr(A'B) is the Hilbert-Schmidt inner product. It is
easily confirmed that D;; satisfies the identity

D (Ig) = 0. (9.4)

! An operator X is positive X > 0 if for any vector |p) # 0, it satisfies (| X [1) > 0.

81
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The quantum master equation has two contributions: the unitary term and the dissipation term. We assume
the Hamiltonian is time-reversal symmetric and regard the unitary term as the reversible term of Eq. (3.1). Next,
we look for a continuity-equation representation of the dissipation term.

9.1.2 Continuity equation

Essentially, the idea to get the continuity-equation representation of the dissipator was provided in Ref. [152].
By using their idea, we derived a continuity equation that is aligned with the context of quantum thermodynamics
in Ref. [20]. In this section, we summarize the result according to the terminology of Ref. [20].

First, we introduce an auxiliary space § := C2XI which is associated with the jumps. We also define
operators I}, € herm(C?) and L, € herm(C? ® () by
o )/k/z 0 o 0 L—k
I = ( 0 y.2) Ly = L 0) 9.5)

The integrated operators I' € herm(})) and L € herm(}) ® F() are given by
r=@@Prn. L=@PL. (9.6)
kek kek

where ® and @ denote the tensor product and the direct sum.
Then, we can define the current operator J(p) by

Jo) =L T ®p] 9.7
It becomes an anti-Hermitian operator on f) @ F. It can be split as
30) = P Ie).  I(p) = [Li. T ® o], (9-8)
kek
which has the further details
_( 0 Jxp) _1 1
Ji(p) = (Jk(P) o o k@ =nlp = SvkPLi. 9.9)

As a result, detailed balance, defined by J(p) = 0, is characterized by Ji.(0) = 0. Note that we have Ji.(p)' =

—J_i(p) and J}(p) = —Ji(p).
The current operator is accompanied by a gradient super-operator that maps opr(F) to opr(f) ® F); we
define the gradient super-operator by

ViA = [Ty ® A, L], (9.10)

where Iy is the identity operator on §. As [ is Hermitian, V; maps herm(J() into anti(h ® J(). Its adjoint with
respect to the Hilbert—Schmidt inner product is given by

ViB = tr[B, L], (9.11)

where try indicates the partial trace. We call the adjoint Vy the divergence super-operator. It also maps anti(h®
H) into herm(F). Equation (9.11) is proved as follows: for any A € opr(H) and B € opr(f) @ H),

(VL A,B) = tr([(If) ® A), [L]*B) = tr(I]_(Ih ® ANB — (I ®AT)[L[B)
— tr ((Ih ® AN(BL — I]_[B))
= trye(A” trg[B, L]) = (A, trg[B, L]),

where we used the cyclic property of the trace in the second line and trg. is the partial trace regarding J(. The
gradient and divergence super-operators are decomposed as

0 [AL
keK s Mk
ViB= ) Vi B, Vi B:=trea[B,Lgl, (9.13)

keKk
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where I¢2 and tre2 are the identity and the partial trace of C2.
Finally, we can prove

Vid(p) = D(p). (9.14)

That is, the quantum master equation (9.1) has the form of Eq. (3.1) with reversible term —(i/h)[H, p], gradient
V., and current J(p), with the density operator p being the fundamental variable. Therefore, the state and the
force space can be provided as §; = herm(H) and F = anti(h) ® F). The restricted state space S is given by
imposing positivity.

Let us prove Eq. (9.14). According to Eq. (9.13) and the definition of D(p), it is sufficient to show

1 1
trez[J(0). L] = LipLi = SLiLi o} + Yokl Lly = SLL Lo o). (9.15)

The left-hand side is transformed as

_[{ o k@) (0 L\]_ (L)l Lo(p) 0
“k“’”k“[(fk(p) 0 )’(Lk 0k>]‘( R Jk<p>L_k—LkJ_k<p>)'

Therefore, we find

trez[Je(0), Ll = J_k(0)Lik — L_iJi(0) + Ji(0)L_x — LiJ_x(0)
= [J(p), L_g] + h.c.,

where h.c. indicates the Hermitian conjugate. By the definition of Ji.(p), we have

1 1 1 1
[P Lokl = 50cLiPL = 5¥-kPLiL—k = 5hLtcLip + 5¥-rL-rPLk
1 1 1 1
= EYkLkPLl + EV—kL;chk - EVkUI.chP - EY—kPLT—kL—k-

By adding this and the Hermitian conjugate, we can see that Eq. (9.15) holds, so Eq. (9.14) does.

9.1.3 Conservation law
In closed systems, where K = @, an observable @ € herm(F) is conserved if it commutes with the Hamilto-

nian, [H, O] = 0, because then

4(0) =~ w(O1H, p]) = 1 (ol H, 0]) = 0,

where (0) = tr(Op) is the expectation value. The commutativity corresponds to the condition (3.4) in the
general framework.

If the system is open (K # @), a sufficient condition is given by V|, as in Eq. (3.5); let O € herm(K) be
a conserved quantity in the corresponding closed system ([H, @] = 0). Then, if O satisfies

V,0 =0, (9.16)

(O) is conserved under the quantum master equation because
d i .
25(0) = == w(O[H, p]) + t(OV} J(p)) = tr (V. 0)I(p)). 9.17)
=0

Therefore, we can characterize conservative quantities by two conditions, [H, O] = 0 and V| O = 0. The most
trivial conserved quantity is the identity I4., which indicates the conservation of the trace.
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9.2 Thermodynamics

9.2.1 Local equilibrium assumption

The quantum master equation describes dynamics influenced by environments that relax much faster than the
bath; thus, it assumes some thermodynamic properties of the environments. We incorporate such an assumption
via the local detailed balance [16, 153]

kgln & =5, (9.18)
Y-k

where s indicates the entropy change through jump k in the bath that mediates the jump (s_; = —si). Equa-
tion (9.18) corresponds to the local detailed balance in MJPs (6.21) and CRNs (7.31).

For example, let k involve energy release w; with a heat bath at inverse temperature 5. Then, Eq. (9.18)
reads

n 2% = gy (9.19)
Y-k

Now, we further assume the thermodynamic consistency relation [13, 16]
[Lk’ H] = C()kLk. (920)

If every jump is mediated by a unique heat bath at inverse temperature 8 and the above two conditions are
satisfied, we say that the system is detailed balanced. For such systems, we can show that

3(p%9) = 0, (9.21)

where p®4 = ¢=FH /Zgand Zg = tr(e=BH). That is, Eqs. (9.19) and (9.20) are sufficient for the quantum master
equation to have the Gibbs state as a detailed balanced steady state (note that [H, p€4] = 0).
Equation (9.21) is equivalent to Ji.(0°%) = 0, which can be confirmed as follows: First, we have

Je(o%9) = %(Lke-ﬁf’ — e~Beke=PHL),

We can also show that the commutation relation (9.20) leads to L, H" = (H +wy)"Ly: for n = 1, it immediately
follows from the commutation relation. Assume L H" = (H + wy)"Ly for certain n > 1. Then, we get

L H™! = (H + wp)"LiH = (H + )" (H + wi )L, = (H + o))" L.

By the mathematical induction, L, H" = (H + wy)"Ly, is proved. Applying this result to each term of the Taylor
expansion of e ¥ we obtain

a o (=P > (=B Mo
LePH = — T LH" = > — T (H + )" L = e~BH*@L,
n=0 n=0
Therefore, we see Ji.(0°9) = 0, which implies Eq. (9.21).

9.2.2 Entropy production

The system entropy is defined by the von Neumann entropy [13]

S(p) = —kgtr(plnp). (9.22)
Its time derivative is given as
ds dp dp
E = _kB tr (E 11'1p> - kB tr <E)
N———

=0

— kytr (%[H olln p) ~ kg tr (V1 J(0)) Inp)

[ S —
=0

= —kg(V[J(p), In p) = —kp(J(p), V¢ In p) (9.23)
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where we used (d/dt) tr(o) = 0 in the second equality and the cyclic property of the trace to obtain the third
line.
On the other hand, the enviromnental entropy change is given by [13, 16, 24]

Senv = 2 k(e tr(iLid) = 1oie e L_p)), (924)
keKk

where tr(LJLLkp) and y_ tr(LT_ L—kp) represent the frequency of the jumps. This can be rewritten as

Senv = (J(0), F°), (9.25)
where we define F° € anti(§ ® F) by
Fo i= kgL, InT ® Iy, (9.26)
which is decomposed as
FF=@PF. F=kpllInT ® Icl. (9.27)

keK

Equation (9.25) is proved in three steps: first, we confirm (J(p), F°) = Y. ek tr(J],t(,o)[F,’;). Next, we have

Yk
o _ 0 L—k In ?I.‘}f 0 _ Yic 0 _L—k _ 0 _L—k
k= kB[ (Lk 0 )( 0 In V—TkIg{ = kgln vx\Le 0 )~ S\, o ) (9.28)

In addition, we get
0 -L_
tr (J];Z(P) (Lk 0 k) ) = tr (Je(P)L_i — J_r(P)Li)

1
=5t ((icLip = V=rPLiOL— = (V=i L_ip = ¥iPL_1)Lk)

1
= 5 tr (LipLl = v-,pLl Lk = vkl koLl + weLiLy)
= Y tr(LLiep) — 7ie tr(LL L_icp)-

Combining these relations, we see that Eq. (9.25) is valid.
Combining Egs. (9.23) and (9.25), we can provide the EPR as

. ds .
2(p) = dar + Senv = (J(p), F* — kg Vy Inp). (9.29)

Therefore, by defining the thermodynamic force as
F(p) :=F° —kgVy Inp, (9.30)

we obtain the quantum counterpart of Eq. (3.7) as [20]

2(p) = (J(p), F(p))- (931
The thermodynamic force is also expressed as
F(p) = kg[L, In(I' ® p)] (9:32)

because
F° — kBV[L lnp = kB[l]_, InT ® Ig(] - kB[I[) ® ln,o, |]_] = kB[l]_, InT X Ij( + II) X h’lp] = kB[l]_, ln(F (024 p)],
where in the last equality, we used the property of the log function

ln(Xl ®X2) = lnXl ® Ij{z + Ij(l ® lnX2 (933)
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for two Hilbert spaces #; and #(, and X; € herm(¥(;) (i = 1,2). Again, the thermodynamic force operator
can be disassembled as

0 Fyip)

Yk
, K = kgln —L; + kg[L,Inp],
E() 0 ) i(p) = kg L B[Lk,Inp]

(9.34)

o) = D Fie). Fulp) = kil T @) =

kek

where the last equality is proved by using Egs. (9.12) and (9.28).
Due to the separable structure of the operators, we can define partial EPRs by

2(P) = (Ji(p), Fi(p)). (9.35)

The non-negativity of the total and partial EPRs will be proved simultaneously in the next section.

9.2.3 Force-current structure

Let us consider association between the irreversible dynamics and thermodynamics. To connect the thermody-
namic force operator F(p) and the current operator J(p), we introduce a super-operator; let ' be an arbitrary
Hilbert space and G > 0 a positive bounded Hermitian operator. We define Mg : opr(#') — opr(H') by

1
Me(X) = kl—B / GSXG'=5ds. (9.36)
0

It does not change the hermiticity of the argument; e.g., Mg(X) is anti-Hermitian if X is. If F(’ is finite-
dimensional and G has the spectral decomposition

G = giliXil, (9.37)
i
the super-operator is explicitly given by

Mo(X) = é > A g)AXINENGI, (9.38)
L,j

where A is the log mean (cf. Eq. (6.30)). This is because

1 s
<&> ds

§j
il ive, L sin(gi/gN =Y _ 8T8 s
= (iX|j)g n(@g/2) E j ]s=0 = 1n(gi/gj)<l|X|]>'

1 1
Gl f GXGIds)j) = f g iIX1))g~*ds = (iIX|j)g; f
0 0 0

Therefore, M can be understood as a generalization of the multiplication of log mean.
In fact, M maps F(p) to J(p) if we choose H' = h @ H and G =T @ p: We have

Mrgp(F(p)) = I(p). (9.39)

This provides the quantum counterpart of the Onsager relation (3.8). It is proved by referring to expressions (9.7)
and (9.32). Given them, we realize that it is sufficient to prove

Mg(kg[K,In G]) = [K, G] (9.40)

for every G > 0 and K € opr(#("). Since G is positive, there exists Q such that G = e?. Because of the general
relation

diesQKe(l_S)Q = eSQQKe(l_S)Q —_ eSQKQe(l_S)Q = _eSQ [K’ Q]e(l_s)Q
S

we can prove the desired equality as

1 1
Mg(kg[K,InG]) = — / eQ[K, Qle19ds = — f %eSQKe(l‘s)st = Ke? — QK = [K, G].
0 0
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The separability shown in Egs. (9.8) and (9.34) also implies the relation

Ji(p) = Mrk®p(”:k(P)) (9.41)

for each k.
Let us call Mrg, the Onsager super-operator. It can be shown to be symmetric and positive definite; thus,
it provides an inner product by

(F',F"), = (F', Mrg,(F")) (9.42)

as in Eq. (3.9). We can also obtain a norm,

IFllo =/ {F', Mrep(F)), (9.43)

and a formula corresponding to Eq. (3.10),

2(p) = IF(E)I2, (9.44)

which shows the non-negativity of the EPR. Similarly, for ', " € anti(C? ® #(), we can define

()9 = (F, M, @o()), P15 = 7/ (F, )57 (9.45)
to obtain
. 0\2
Z(p) = (IIIFk(p)II;(a )) , (9.46)

which shows the non-negativity of the partial EPRs. They sum to the total EPR because

D Zk(p) = D (o) Fi(p)) = (o), F(p)) = E(p),

kexk kek

where we used the separable form of J(p) and [F(p) to get the second equality.
The symmetric property of M is proved generally as

X, Ms(X"))
1 1 1 1 1 1

= — f tr(XTG5X'G1~%)ds = — / tr(GXTG X )ds = — | tr((G°XG'%)TX")ds
ks 0 ks 0 ks 0

= (Ms(X), X").

That is, we have M = M. We can also show the positive definiteness by using the positive square root F of
G, which satisfies F2 = G,FT = F,and F > 0 [154]. If J is finite dimensional, it can be constructed as

F =) \aliXil.
i
Then, we get

1

X, Me(X)) = ks

1
f tr(XT(F2)SX(F?)'~%)ds
0
1

1

1 1

=— | tro([FSXF'STFSXF'S)ds = — | |FSXF'~%|?ds > 0,
ks J, ks J,

where we used the cyclic property to obtain the second line.
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9.2.4 Conservativeness and detailed balance

If we consider a detailed balanced system (cf. Sec. 9.2.1), the thermodynamic force becomes

F(o) = =Vi¢(p), ¢(p) := kg(Inp + SH). (9.47)

That is, detailed balanced systems have conservative forces. On the other hand, if there are multiple baths at
different temperatures, the force is no longer conservative.
Equation (9.47) is proved as follows: first, we have

Vi
kg In y_kkLk = kpBawyLy = kppB[Lk, H].
Thus, from Eq. (9.34), we see

E(p) = —[¢(p), L.

On the other hand, Eq. (9.12) shows

_ 0 [¢(0), L_i]
Vi, (o) = ([qb(p)’Lk] 0 k )

Therefore, considering these equations and Eq. (9.34), we find Eq. (9.47). If the inverse temperature depends
on bath, we only have potentials defined for each jump ¢ (p) = kg(Inp + Bi.H) with the inverse temperature
B of the bath mediating jump k and

F(p) = —[¢r(0), L],

which does not lead to a conservative thermodynamic force.

As the Onsager super-operator is positive definite, the EPR vanishes when F(p) = 0, or equivalently, de-
tailed balance J(p) = 0 holds. As mentioned, this occurs in a detailed balanced system when p is the Gibbs
state 09, as is evident from the expression (9.47). However, it is not the unique state where the EPR vanishes.
If {Q;} are the conservation laws, i.e., [H, Q;] = 0 and V| Q; = 0 holds, then

e_ﬁH_Zi/’liQi

Aoﬁ,/l = with li € R, Zﬁ’,/l = tr(e_ﬁH_EiAiQi) (948)

Zga

satisfies F(pg2) = 0 and J(pgs) = 0. Moreover, since pg; commutes with H, it becomes a steady state.
Equation (9.48) provides the so-called generalized Gibbs ensemble [155]. It is easily proved by using Eq. (9.47)
as

F(pg,2) = —kgVi(Inpg 1 + BH) = —kpVi (— D 4,Q; — InZg 31450 = 0,
i

where we used V| Q; = 0 and VI3 = 0. If we count Q = I4 as a conservation law, the generalized Gibbs
ensemble is written as

Ppap = o BH-2,4iQi=HQ _ ,—BH-Y,;4iQi—H (9.49)

with u = InZg ;. When the system starts from o(0), it would be associated with pg ; such that
q; = tr(Q;p(0)) = tr(Q;pg2)- (9.50)
Now, let us compare Eqgs. (3.11) and (9.30); then, we realize that assumption C1 of Sec. 3.3 is satisfied since
F(p) = F° = Vip(p) 9.51)
with

¢(p) = kgInp. (9.52)
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Therefore, Eq. (3.12) in assumption C2 reads

tr <Ql_e(¢—zi/1iQi—M)/kB) =q, ftr <e(¢—2i/1iQi—#)/kB) =1, (9.53)

where the latter equation corresponds to Q = Iy and determines u = kz'In tr(e(w_zi’lioi)/ k8 That is, as-
sumption C2 implies the existence of 4 such that q; = tr(Q;op 1) for any g; and .

If we assume the existence of such 4, the general argument in Sec. 3.3 then reveals the equivalence between
the two statements:

(1) There exists a potential 3 € herm(J() such that F° = —V 3.
(2) For any state p, there exists a detailed balanced state pg ; such that tr(Q;p) = tr(Q;op 1) for all i.

We define a system to be conservative if it satisfies the first condition. Considering Egs. (9.12) and (9.28), we
find that the first condition is equivalent to the existence of ¢ such that

SkLk = [lp,Lk]. (954)

In fact, this condition is satisfied with 1) = kgSH when the system is detailed balanced.

9.2.5 Cycles

The properties of the cycle as defined by the kernel of V| are yet to be well studied, as in the hydrodynamic
case. If we assume that a cyclic operator has the same form as the thermodynamic force and current operators,
it reads

C = ®rexCr, Cp = (CO Ca"), C_i = —C; € opr(¥0). (9.55)
k
For this quantity, V{C = 0 implies
D ([Coko Lil + [Cho Lil]) = 0. (9.56)

kek

9.2.6 Classical limit

The quantum master equation turns into a classical master equation under some conditions. First, we assume
the Hamiltonian H is nondegenerate and eigendecomposed as

H= Z €qln)n|. (9.57)
n
The orthonormal basis is assumed to be static. Next, we assume p commutes with H,

p =, paln)nl, (9.58)

which is the “most classical” assumption. Finally, the consistency relation (9.20) is supposed to be satisfied;
then, LJLLk commutes with H because

[L} Ly, H] = L} [Li, H] + [L}, HILy = wi L} Ly — [Li, H]' Ly = @ Ly Ly — Lt Ly = 0. (9.59)
Similarly, we get
[LyoL}, H] = Lyp[Lt, H] + [Li, HpL, = —wLipLl + wgLipLl = 0, (9.60)

where we used the identity [ABC, D] = AB[C, D] + A[B, D]C + [A, D]BC. Therefore, because we assumed H
is nondegenerate, LJ;{Lk and Lk,oLJ;{ are diagonalized by the orthonormal basis {|n)}.
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Now, the matrix elements of the quantum master equation read

i = TG

A 1+ palm) <”')|l>— P,

ml dt
—0 =0
_ T
mD@EI =Y yk<m|(Lkak L p})|l>
kGKall

=G Y yk(z pn|<m|Lk|n>|2—pm<m|LLLk|m>)
kEKaH n

=S Y yk(zpn|<m|Lk|n>|2—me|<n|Lk|m>|2),
kEKaH n n

where we used the fact that Lkadgc and LJLLk are diagonalized by {|n)} in the second line and inserted I3 =
Zn [n)(n| in the last line. Therefore, the quantum master equation is equivalent to the classical master equation

d k k
= 3D Ropa— Riapm), (9.61)
n(#m) keKay

where the transition rates are given by
k
Rinx = vl(m|Lim) . 9.62)

To obtain the classical local detailed balance (6.21), the backward process of e = (n — m; k), whose transition
rate reads Rmn, should be —e = (m — n; —k). Then, we obtain

(k) 2

Rinn Yel{m| Ly |n)|
kgIn =kgln ————— =5y, 9.63
BURCH T By mLm 663

where the last equality comes from Eq. (9.18).

9.3 Housekeeping-excess decomposition

Following the general procedure, the housekeeping and the excess EPR are defined for the quantum master
equation as [21]

2M(p) = inf |F(p) - F'II3, (9.64)
(p) = Anf IFCe) — F'liz (9.65)
= IfIFIE st Vidlrgo(F) = Vide), (9.66)

where the conservative subspace 6 and its orthogonal complement 6+ are given by

6 :={-V ¢ | $ € herm(K)}, (9.67)
L ={F € anti(h) ® %) | ViMrg,(F") = 0}. (9.68)

The housekeeping EPR vanishes when the system is conservative; i.e., F° is in €, which implies F(p) € 6.
The orthogonal complement is derived as follows: for an arbitrary ¢ € herm(7(), F' € €+ must satisfy

(F',=Vi$)p = ~(Vi Mrgp(F'), ¢) = 0

When F' is anti-Hermitian, Vi Mg (F') becomes Hermitian. Thus, Vi Mrg,(F") must be the zero operator
for the equality to hold for any Hermitian ¢.
If the inverse of the Onsager super-operator ]V[l?é o 18 defined, the excess EPR is given by

Zex(p):Ji/relgj(JJ’,Mfé,p(Jl’)) s.t. ViD= Vid(p). (9.69)
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This representation again suggests the connection between minimum dissipation and the excess EPR.
As discussed generally in Sec. 4.2, there is an optimal potential ¢, that provides the EPRs as

ZM(0) = IF(0) = (=VidI3, (9.70)
() = [|=Vigul. 9.71)

In practice, the potential is obtained by performing the optimizations or directly solving the equation

—ViMrep(Vig) = D(p). (9.72)

The Hatano—Sasa decomposition can also be defined for open quantum systems (often referred to as the
adiabatic-nonadiabatic decomposition). The HS EPRs are given by [24, 63]

ZPOHS(p) 1= (I(0), F(0™)), (9.73)
280 = (J(p), F(p) — F(p*)). (9.74)

Here, 0% is a steady state, where we have —(i/h)[H, p5%] + D(0%%) = 0. The positivity of this decomposition
is only assured when the steady state satisfies [64]

[Lk, @] = AgyLy, (9.75)

where ® = —In p%S and A¢y is a difference between eigenvalues of ®. This condition indicates that the jump
operators act as creation/annihilation operators regarding the eigenbasis of p%S. However, this condition is not
always satisfied and the decomposition can fail [64].

9.4 Thermodynamic trade-off relations

9.4.1 Thermodynamic uncertainty relations

The general result provided in Sec. 5.2.1 gives open quantum systems the following inequality [20]

KVEI(e), O)?

2%(p) >
IVLOl3

(9.76)

for any observable @ € herm(H). The numerator provides the dissipative part of the time derivative of (O) as
d i " i
3(0) = =3 t([H, p]0) + tr(OV{J(p)) = — 5 tr([H, p]O) +(V1LO, J(p)), 9.77)

and coincides with (d/dt){O) if © commutes with H or p. As proven later, the denominator is upper bound by
1/kg times the quantity

D,(0) = %tr (p(Z)*(Oz) — {0,2)*(0)})), (9.78)

which we term the quantum diffusivity [20]. We will discuss that this quantity can be interpreted as the diffu-
sivity of O in the dissipative dynamics. Thus, we obtain the inequality

KVEI(e), O)?

27(p) 2 ks =553
o

(9.79)

and it can be understood as the short-time TUR in open quantum systems. We note that strictly speaking, proving
the inequality

1
IV O3 < @QP(O) (9.80)

requires the Hilbert space to be finte-dimensional because we use the formula (9.38).
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Moreover, in a similar way, we can show the TUR for the partial EPRs

(VE k), O)

£4(p) > kp— 5 (9.81)
Dp (0)
where
k % k
2P(0) = = tr( (D50 — {0, DE(ON}))- (9.82)
It is proved once we admit the inequality
k k
(IV, 01 < =2%(0). 9.83)

Then, the Cauchy—Schwarz inequality proves the inequality as
] O\2 IO\ 2 IO\ 2 1012
2@ (IVL0157) = (IF@IE?) (IVL, 0187) 2 [(File), Vi, 0067 = KVE, Iee), O

9.4.2 Quantum diffusivity

We interpret the quantum diffusivity D,(0O) as a diffusivity because it leads to the classical diffusivity (6.78)
when O commutes with p;

1 k k
D) =3 D > Rimapn+ Rim ) (O — O, (9.84)
n,m(#n) K€Ky

where O,, := (n|O|n) are the eigenvalues of O and RY) = Yie|(m|Li|n)|? for n # m, which can be interpreted
as the transition rates in the classical limit considered in Sec. 9.2.6. From Eq. (9.84), we find the quantum
diffusivity can provide the classical diffusivity defined in Eq. (6.78) in the classical limit. On the other hand, it
is defined regardless of the classicality, so we can consider it as a quantum extension of the classical diffusivity.
This is also supported by the fact that the quantity becomes the counterpart of the classical diffusivity in the
TUR (9.79) (cf. Eq. (6.79)).

Let us first prove Eq. (9.84). By using the orthonormal basis {|n)} that simultaneously diagonalizes p =
2., PulnXn|and O = 37 Op|nXn|, the definition (9.82) is rewritten as

2P(0) = Z (O, = 20,0, Xn|DE(Im)m|)|n).

From the identity (9.4), which can be stated as Zm D (|m)(m|) = 0, we find

2. PrORMIDi(Im)(m])|n) =
n,m
Thus, we obtain

k 1 N
D0) = 5 Y, a0 = 20,0, + ORD(m)m)n) = 5 3. Pu(@p = O XD (jmXim]) )
2 om n,m(#n)
Moreover, when m # n, we get

(n|DE(jm)m|)n) = yk(|<m|Lk|n>|2 = Sum(PILLLiclnY) + oie([(mIL i) 2 = Sum(nIL (L))
Rr& ( k)

mn+

By substituting it to the above expression, we find

k k k
“«9)— > PO — O2RG: + R
nm(#n)
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Rearranging terms soon leads to Eq. (9.84).
Then, two inequalities remain unproven: Egs. (9.80) and (9.83). We note that Eq. (9.80) is derived from
Eq. (9.83) because we have

2
> (IVeols?) = Iv.012,
k

which is easily seen from the separable structure of V| O (cf. Sec. 9.2.3), and

D,(0) = Y, D),
keKk

which is obvious from the linearlity of the trace and anti-commutator and the definition of Dy.
Proving Eq. (9.82) is accomplished by rewriting

k
D5(0) = (V1 0,4, gp (Vi O, (9.85)
where o is defined by
Ag(X) = w (9.86)

With the eigendecomposition of G, it is given by

s16) = 3, BBl 0.87)

i,j

We can prove (X, Mg(X)) < kzi(X, d5(X)) by

i+ 8
(XMG00) = 2= 3 Me gIIKIE < 1= 33 S5 LK = (X, (),
LJ LJ

where we used the hierarchy between means (6.32). Therefore, once we show Eq. (9.85), Eq. (9.83) immediately
follows (here, we assumed that I}, @ p has a finite dimension, i.e., that the Hilbert space is finite-dimensional).

Finally, we need to show Eq. (9.85) to derive the TURs (9.79) and (9.81). The right-hand side is rewritten
as

1 1
(V1,051,001 0) = 5 tr((V1, 0) (T ® PIV1,0) + 5 tr (V1 0)V, O ® p)

=~ ((V, 07T ® )
where we used (V[LkO)Jr = =V, O since O is Hermitian. Further,
2
_(v 0)2 — _( 0 [O9L—k]) — [L'*]-ca O][Ost] 0
. [0,L] 0 0 (L', 010,L_])

thus,
V1,0, 50,00 (V1, O)) = 5 trge (p[L}, 010, Li]) + 5 trye (ILL4, 01[0, L),
where we performed the partial trace regarding §). A straightforward calculation yields the equalities
[Lh, 0110, Ly] = L}, 02L;, — %{LlLk, 0%} - {O,LJLOL,{ - %{L}Lk, 0}}
[Lf 0110, L] =L! ,0L_ - %{LEkL_k, 0%} - {O,LT_kOL_k _ %{LT_,{L_,C, O}},

which finally reveals

(Vi 0,511,V O) = 5 trse (p(DF(0) - [0, D(O)))) = 2L (0.
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In addition, we remark that in terms of the quantum diffisivity, the unitary dynamics is “deterministic.” If
we replace the dissipator in Eq. (9.78) with the adjoint of the unitary term, we see that it vanishes:

%tr (P(£2ni(0) = {0, LEn(ON)) = 0, (9.88)

where
i N i
Luni(p) = —[H,p] and  L;(0) = 2[H, O]. (9-89)
This is because we always have
[H,0%]—{0,[H, 0]} = HO?* — O*H — (OHO — O*H + HO* — OHO) = 0.

Therefore, defining £ := £ ,,; + D, which gives the quantum master equation as dp/dt = £(p), we can rewrite
the quantum diffisivity into

D,(0) = %tr (p(L*(Oz) - {O,L*(O)})). (9.90)

9.4.3 Thermodynamic speed limit

While there have been several studies on the thermodynamic speed limit in open quantum systems [39, 43,
156—158], the Wasserstein distance analogous to the classical definition (6.80) (or more generally, Eq. (5.36))
has been elusive. This is because there is an additional term in the dynamics, namely, the unitary term. One
exception is Ref. [44], where the authors nicely avert this problem by focusing on detailed balanced systems.

Another possible direction is to define formally a quantum analogue of the Benamou—Brenier formula by
neglecting the unitary term as

T
W(oa:p) = ;nN c f |- Ve (Ot (9.91)
d 0
with conditions
_ _ dp o
PO =par @ =pp G = =ViMrgp(Vid(). (9.92)

The optimization would be accomplished by manipulating the potential p = ¢ — kg In p that gives F° by —V .

9.5 Examples

We demonstrate our results in open quantum systems by two examples. One is a two-level system coupled to
two heat baths, which is a quantum generalization of the system discussed in Sec. 6.6. In the other example, we
consider a model of superradiant systems, where jumps in several qubits simultaneously occur [159, 160].

9.5.1 Two-level system attached to two heat baths

First, let us illustrate the general framework and the decomposition through a minimal model of the nonequi-
librium quantum system. Consider a two-level system that is equipped with Hamiltonian H = hw|e)(e| and
attached to two heat baths at inverse temperatures 8;, and 8, (8, < ;). The two ways of dissipation induced
by the baths are represented by jump operators L, = L, = |g){e|. The rates obey the local detailed balance

n 2 = g hw, InL = Bhw. (9.93)
Y-h V_e

The system possesses the steady state

I, I
_n+n@®+n+n

Pt leXel, (9.94)
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Figure 9.1: (Adapted from Ref. [21]) We simulate the dissipative dynamics of a two-level system coupled to
two heat baths at different temperatures.

where I, = ¥4, + ¥+p. The situation is summarized in Fig. 9.1 (a).
Now, the components of the force and current operators read
VicPee — V-kP P
Jilp) = =" Lic+ — (I8)(8l — 1-ile)el), (9.95)
F(p) = kpfihwLy + [Ly, kg Inp], (9.96)

for k = h, €. Here, p;; denotes the matrix elements of p in basis {|g), |e)}. We see J; has a classical component
proportional to %Pee — ¥-kPgg and a non-classical part depending on pe,. Since By depends on k, Fj cannot be
expressed as [¢, Ly ] (thus, the system is non-conservative due to the temperature gap).

To see the relation to the classical example given in Sec. 6.6, we define

kCl(P) = kB:Bkha) + kB(ln Pee — In ‘ogg)’ 9.97)
YkPee — V-kP
L(p) = ————2E, (9.98)
fc ()
ail(p) = YkPee T V-kPgg» (9.99)

which are supposed to serve as the classical components of the thermodynamic force, the Onsager operator, and
the activity. Then, with a lengthy but straighforward calculation, we can solve Eq. (9.72) to get the relation [21]

@ =(o pirg) +b1 (o, )+ (g 0]+ ol (0,100

when the off-diagonal element of p is small. Here,
() f (0) + Le(P) £ (P)

Al(p) = 9.101
O = Lo T L) 10D
provides the classical potential difference as in Eq. (6.88). Moreover, b; and b,(p) are coefficients given by
- aSl(u) + ag}(u), ba(o) = 2(as(u) + ag,l(u))< 1 3 1 ) 9.102)
ln(u) + Lp(u) Pgg = Pee (W) + L(w)  1u(p) + L(0)

where u = I/2 is the maximally mixed state.
By truncating terms of o(| pgelz), we can get the approximated value of the excess EPR. We define %¢%2PP(p)

by
ZBX,aPP(p) = ||—Vl$(P)||é

with qS(p)=(8 Ac?(p))+b1 (po ‘Oge>+b2(p)<0 0 ) (9.103)

eg 0 |p ge|2
In Fig. 9.2, we show numerical results of the two-level system demonstrating the accuracy of the approximation.
The numerical results here and in the next example are obtained with the Python quantum toolbox, QuTiP [161].
In the time evolution, the system approaches the nonequilibrium steady state where heat flows from the hot
bath to the cold bath. At the same time, the total EPR gets closer to the housekeeping EPR, which is almost at
a constant value corresponding to the stationary EPR, whereas the excess EPR vanishes. We can see that the
excess EPR is well approximated by X®%#PP(p) even when p is not so close to the steady state.
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Figure 9.2: (Adapted from Ref. [21]) (a) We begin with a pure state (|g) + |e>)/\/§ added a small noise to
avoid divergence of In p. The coherence pg, vanished while the classical population converges to the stationary
distribution. We do the simulation with parameters iw = 1, kgBj, = 0.58, kg, = 1, and y, = y_ = 0.1. (b)
We plot the EPRs; as the system relaxes, the total and housekeeping EPRs converge to a single nonzero value,
and the excess EPR becomes zero. The approximation formula reproduces the excess EPR well with a small

error (shown in the inset).

Heat bath le)
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B N ® Collective
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6 Rate 7+
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H = ho(le)e] @ I + 1 ® |e)e])
Ly =1gXel @I +1Q le)g]

Figure 9.3: (Adapted from Ref. [21]) We consider a model of superradiance, where two two-level systems are
simultaneously influenced by a heat bath.

9.5.2 Relaxation of a superradiant system

Next, we discuss the TUR in detail by analyzing the model of superradiance used in Ref. [162]. As depicted in
Fig. 9.3, the system consists of two two-level systems with Hamiltonian

H = ho(leXe| ® I +1Q |e)el), (9.104)
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Figure 9.4: (Adapted from Ref. [21]) We simulate the time evolution with parameters iw = 1, kgff = 1,
¥+ = T(ng + 1) and . = Tny,, where T' = 0.1 and ny, = 1/(ef" — 1). We can observe two stages of
relaxation; in the earlier region (before t ~ 3), the TUR bound given by & = |ge)eg| + |eg){ge| is tighter than
that given by H, and the converse holds in the later regime.

which has degeneracy; |g)|e) and |e)|g) both have the eigenvalue w. We also have a single collective dissipation
(K| = 1) represented by

L, =|glel @I +IQ® |g)e| =L . (9.105)

With the system coupled to a single bath at inverse temperature (3, the local detailed balance y, /y_ = exp(fhw)
is assumed. The authors of Ref. [162] used this model to exemplify that the coherence between the degenerate
states enables the reduction of the dissipation beyond the classical limit.

This system has a nontrivial conservative quantity,

Q= %(Ige><gel + leg)(eg| — Ige)eg| — leg)(gel)- (9.106)

It commutes with H and satisfies V| Q = 0 because L. Q = QL. = 0. As discussed in Sec. 9.2.4, then, there is
a family of detailed balanced steady states

—e_BZH_AQ z (e7PH=1Q) (9.107)
= , = tr(e P77, .
Pg.A A B

Given an initial state p, and the initial value q = tr(Qp,), we can provide a 4 such that g = tr(Qpg ;) by
AB,q)=—In %(eﬁh‘” +eFhe 1), (9.108)

It is derived by directly solving q = tr(Qpg 1) (for details of calculation, see Ref. [21]).
In illustrating the TUR, we choose an initial state so that it has significant coherence between |ge) and |eg)
as

o—BH o—Bhw
= +a
tr(e=RH) = tr(e—FH)

with & = |ge)(eg| + |eg){ge|. To keep the positivity of o, & € R must satisfy —1 < a < 1. We seta = —0.9 and
plot the time course of the EPR and the TUR bounds (9.79) for © = H and O = £ in Fig. 9.4 with parameter
values described in the caption.

In Fig. 9.4, EPR’s time evolution shows that there are two regimes of relaxation. We can estimate that the
earlier stage is the decay of coherence, and the latter is the usual thermalization. In fact, in the earlier step, the
TUR bound for X = & is much tighter than that for X = H, while H’s bound gets closer to the EPR in the later
step. Therefore, in the first stage, conflict with the “fluctuation” of £ is more crucial for the EPR, and later, the
TUR associated with the energy will be more important.

Po § (9.109)






Chapter 10

Conclusion

Summary

We have revealed an underlying geometric framework of nonequilibrium thermodynamics, which we call the
force-current structure, and shown its physical consequences, the housekeeping-excess decomposition and ther-
modynamic trade-off relations. We also confirmed that the general results are valid in several nonequilibrium
systems. Let us review these results closely.

Part1

Part I was composed of five chapters. After the overall introduction in Chapter 1, we first reviewed the structure
of the overdamped Langevin systems in Chapter 2. There, we explained that the Fokker—Planck equation can
be written as a continuity equation and we can define the thermodynamic force. The thermodynamic force
provides the entropy production rate (EPR) with the current, and the force and the current are connnected by
a positive coefficient. This connection provides the EPR with a geometric experssion (2.24), which will later
lead to a decomposition of EPR. We also showed that the conservativeness of thermodynamic forces defined by
the gradient (differential operator) is consistent with the mechanical concept of conservativeness and implies
detailed balance.

Chapter 3 generalized this structure, which we termed the force-current structure. It is composed of the
three assumptions: the continuity-equation form of the equation of motion (3.1) (or (3.3)), the product form
of the entropy production rate (3.7), and the positive relation between the thermodynamic force and the cur-
rent (3.8). By using them, we provided the geometric expression of EPR (3.10) and the equivalence between
conservativeness and detailed balance. The concrete forms of the abstact concepts discussed in this chapter are
summarized in Table 10.1.

Applications of the framework follow: Chapter 4 discussed the geometric housekeeping-excess decomposi-
tion of EPR. We reviewed the literature by using the Langevin dynamics such as the conceptualization by Oono

Table 10.1: Key concepts of the force-current structure in various systems

x frev V| 7 F M
Langevin dynamics (Ch. 2) P(X) None V | Ip(X) | Fp(X) | uTP(X)
Markov jump processes (Ch. 6) p None BT | (B | F(p) L(p)

Chemical reaction networks (Ch. 7) | ¢ None sT | J@ | F@ L(C)
Hydrodynamic systems (Ch. &) oV AR v J/igr,f, Foo 0,()
Open quantum systems (Ch. 9) Jej —(i/M)[H,p] | Vi | dp) F(p) | Mrgp(-)
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and Paniconi, and concrete formulations, one by Hatano and Sasa and the other by Maes and Neto¢ny. We then
showed that the Maes—Neto¢ny (MN) decomposition can be generally formulated as a geometric decomposi-
tion within the force-current structure given in the preceding chapter. The housekeeping EPR is defined as the
dissipation due to the system’s deviation from detailed balanced systems. The remainder, which defines the
excess EPR, also provides the dissipation stemming purely from dynamical changes. They were provided in a
geometrical manner. In addition to the mathematical conciseness, the geometric decomposition possesses more
generality than the Hatano—Sasa (HS) decomposition, which is properly defined only systems that have stable
steady states. It is applicable to several nonlinear systems, as explained in later chapters.

In Chapter 5, the last chapter of Part I, we derived two kinds of trade-off relations, thermodynamic trade-off
relations (TURs) and thermodynamic speed limits (TSLs), from the force-current structure. A thermodynamic
trade-off relation refers to a trade-off between reducing entropy production, the thermodynamic cost, and gaining
other benefits (reducing other costs). In this thesis, we consider two costs, the short-time fluctuation of an
observable, and the time required to change a system’s state, corresponding to the TUR and the TSL respectively.
We obtained a short-time variant of the TUR, by applying the Cauchy—Schwarz inequality to the geometric
representation of the EPR and the excess EPR. The squared-norm representation is also useful in considering the
TSLs, which employ the Wasserstein distance, a sophisticated distance measure developed in optimal transport
thoery.

The force-current structure
Part 11

Part I is a collection of concrete systems where the force-current structure and the accompanying results hold.
It begins with Markov jump processess in Chapter 6. We presented the equation of motion, the master equation,
as a continuity equation by using graph-theoretical notions. Thermodynamics is also introduced in a standard
manner of stochastic theromdynamics. We completed the force-current structure by giving the Onsager operator
with the logarithmic means between forward and backward probability fluxes. This chapter is based on Ref. [19].

Chapter 7 considers the force-current structure in chemical reaction networks (CRNs). Although a CRN
is a nonlinear system, we revealed that it can be treated similarly to Markov jump processes by focusing on
extended graph theoretical concepts. While we reviewed the thermodynamic structure of the ideal solutions,
the force-current structure can encompass more general non-ideal CRNs. We note that CRNs are the first system
where the geometric method is proved to give properly a decomposition of EPR while the HS decomposition
breaks down. It was shown in our work [19].

The third example is hydrodynamic systems, in Chapter 8. We consider the compressible and incompressible
Newtonian fluids described by the Navier—Stokes equation. We provided a standard derivation of the EPR and
explained that they also fit to the force-current structure. We also proved the housekeeping EPR is equivalent
to the minimum dissipation provided by Helmholtz in the nineteenth century when considering incompressible
fluids. This chapter’s results are first presented in Ref. [20].

Finally, in Chapter 9, we discussed Markovian open quantum systems. We introduced the force-current
structure by using an auxiliary Hilbert space to open quantum systems described by the quantum master equa-
tion. While preceding work proposed other definitions of thermodynamic forces [24, 43], no further structural
discussion was possible. It was in Ref. [21] where we revealed that the thermodynamic force and the current
can be defined as anti-Hermitian operators to yield the force-current structure in open quantum systems.

Further perspective

We first consider further applicability of the force-current structure. It has already been applied to reaction-
diffusion systems, CRNs with spatial degrees of freedom [30]. In this class of systems, the three requirements
are fulfilled and the general consequences can be derived and applied to, for example, pattern formation.

Another possible subject is non-Newtonian fluids. In non-Newtonian fluids, the visocity coefficients can
depend on the shear rate (the gradient of the velocity field), so the linear relation between force and current will
not be guaranteed [142]. Still, we expect that a recently developed non-Euclidean geometric method similar to
the force-current structure [59, 60] would be quite useful in analyzing this system.



101

In addition, removing the local equilibrium assumption is a challenging but intriguing direction. Currently,
the force-current structure is always derived from some assumptions about local equilibrium. However, a recent
study, called global thermodynamics, is trying to find a thermodynamic strcuture where the local equilibrium is
critically violated [163, 164]. Although the counterpart of the equilibrium thermodynamics is still a subject of
ongoing research, we could expect the dynamical theory we provided would be extended to such systems.

Moving away from the structural studies, some concepts could also attract practical interest. For example,
the quantum diffusivity can be another interesting research subject. It was introduced naturally from the general
resulton TUR in Sec. 9.4. Although we have proved that it turns into the classical diffusivity in limited cases, it is
still vague in what sense it represents fluctuations. As the diffusivity generally represents short-time fluctuations,
we expect that the quantum diffusivity works as a reference point when considering long-time fluctuations.
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Appendix A

Introduction to optimal transport theory

In this appendix, we provide some basic results in optimal transport theory [48]. It deals with continuous or
discrete distributions, such as probability distributions or concentration distributions. A distance is defined for
the distributions, and the infinitesimal structure rewrites the equation of motion into a gradient flow equation.
We do not give rigorous proof, so for details, see references such as [48] or [165]. My recent lecture note
(written in japanese) would also help physisists understand further details of optimal transport from physical
viewpoint '.

A.1 Continuous systems

A.1.1 Definition

We first consider continuous systems like the Langevin systems discussed in Chapter 2. The 2-Wasserstein
distance is defined for two distributions P and Q by

WP, Q) = 1%f\/ff |X — Y|2II(X, Y)dXdY, (A.1)
where IT has to satisfy
Ix,Y) > 0, /H(X, Y)dY = P(X), fH(X, Y)dX = Q(Y). (A.2)

If IT satisfies this condition, it is called a coupling. The value TI(X, Y) indicates how much mass is transported
from X to Y. Thus, we sum up over the destinations Y, the sum should be the mass at the origin. Also, the final
distribution should be accounted by the mass coming from all around the world.

The distance is given by regarding the squared distance |X — Y|? as the cost per transportation. The min-
imization is performed over all couplings. It is known that the optimal transportation always exists for the
2-Wasserstein distance [48]. We can choose another function as the transporation cost, such as |[X — Y|" for
r>1.

A.1.2 Distance
In general, a functiond : X X X — R is a distance if it satisfies the following conditions:

1. Nonnegativity d(x,y) >0,

2. Nondegeneracy dx,y) =0 < x =, (A3)
3. Symmetry d(x,y) = d(y, x), '

4. Triangle inequality  d(x,y) + d(y, z) > d(x, z).

Let us confirm that the 2-Wasserstein distance satisfies these conditions.

! Available here (PDF).
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The nonnegativity is obviously true. The symmetry is also immediately convinced after careful considera-
tion.

The necessity (<) in the nondegeneracy is also obvious because if P = Q, then no transport is required. The
sufficiency is derived as follows: (P, Q) = 0 indicates IT concentrates X = Y, so II(X,Y) = 7(X)6(X - Y)
with some 7. Then, we see

PX) = f (X, Y)dY = 7(X), Q(X)= f (X, Y)dX = 7(Y).

Therefore, W(P, Q) = 0 implies P = Q.
The triangle inequality requires a little technical argument. It means that the following inequality holds for
any probability P, Q, R:
WP,R) + W(R,Q) = W(P,Q). (A.4)
Let IT; and IT, be the optimal couplings for WP, R) and W(R, Q). Then, we can construct a coupling between
P and Q by

IL,(X, Z2)I1,(Z,Y)
R(Z)

IL(X,Y) = / dz. (A.5)

Then, by definition, we get

WP, Q) < \/ f IX — Y]2IL,(X, Y)dXdY.

Moreover, the triangle inequality for the Euclidean norm leads to

I1,(X,Z2)1,(Z,Y)

R2) dXdydz

f X — Y!I1,(X, Y)dXdY = f X —Y|?

where we substituted the definition of I1,.. From the Minkowski inequality, we obtain

1,(X, Z)T1,(Z,Y)
\/f(|X—Z|+|Z—Y|)2 1 R(Z)Z dxdydZz

IL,(X, 2)1L,(Z.Y) IL,(X, 2)1,(Z. Y)
< \// IX — ZJ2 XD dxdydZz + \// |Z — Y2 3 dxdydz

dXdydz,

= \/ f IX — Z|211,(X, Z)dXdZ + \/ / |Z — Y|?T1,(Z,Y)dYdZ = W(P,R) + W(R, Q),

which finally leads to the triangle inequality.

A.1.3 Monge problem

Another formulation, called the Monge problem, helps us understand the Wasserstein as a transportation cost
more intuitively [166]. It is given as

Wm(P, Q) = infy C(T),
with C(T):= f X — T(X)|?P(X)dX, (A.6)
where T must satisfy

QY) = f P(X)8(Y — T(X))dX. (A7)

In the Monge problem, Q(Y) is accounted by mass P(X) of a few places X such that Y = T(X). The map T
is referred to as a transporation plan. For the 2-Wasserstein distance, if P and Q are not singular, the Monge
problem provides the same value as the Wasserstein formulation and the optimal coupling I1 is provided by the
optimal transporation plan T as II(X,Y) = P(X)8(Y — T(X)) [48].



A.1. CONTINUOUS SYSTEMS 107

A.1.4 Benamou—Brenier formula

In addition, the 2-Wasserstein distance can be provided in a kinetic formula.

1
W(P,Q) = inf\} f f |v(t, X)|?2p(t, X)dXdt, (A.8)
p.v o
where p, v satisfies
pO.X) = PX), p(LY)= QW) 2(1,X) =~V (p(t. X)o(t,X)). (A9)

As mentioned in Sec. 5.1.3, this is called the Benamou—Brenier formula [48, 108, 165]. The time interval is
now [0, 1], but it can be rescaled to [0, 7] (t > 0) to yield

WP,Q) = inf\/T/ f|v(t,X)|2p(t,X)dth. (A.10)
p,v 0

Moreover, the velocity field can be replaced by a potential gradient as

T
WP, Q) = ing\/rf f [V(t, X)|2p(t, X)dXdt, (A.11)
P, 0
where the third condition in Eq. (A.9) reads
op
Le.x) = v (pe. XV X)), (A.12)
In fact, the potential that solves Eq. (A.12) is unique up to an additive constant. Intuitively, this is because
V - (pV) is a nonsingular operator if we neglect the freedom of an additive constant (i.e., the reference point

of the potential). Given the unique solution 1, every velocity field v that satisfies the continuity proves more
costly: Let w := v — (—V). Then,

flvlzde=f|w|2de+/|V¢|2de—2fpw~V¢dX
=/|w|2de+j|V¢|2de+2fV~(pw)¢dX
=f|w|2de+f|v¢|2pdxzf|v¢|2pdx,

where we omit the arguments, performed integration by parts in the second line, and used V- (pw) = V- (pv) +
V - (pVY) = 0 to get the last line.

A.1.5 Gradient flow

The Benamou—Brenier formula suggets that
W(P,P + PAt)? = At? / |V(X)|?P(X)dX (A.13)
for a probability distribution P and a “time derivative” P. Here, 9 is given as the unique solution to the equation

P(X) = V- (P(X)V(X)). (A.14)

Considering in the opposite direction, we can define a local metric at P by

1Bllp += \/ f VH0PPX)AX (A.15)
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with the potential ¢ uniquely deteremined by P and P. We can even define an inner product by
(2.0 = [ Vo) - V40P, (A16)
where ¢ is given by P and Q.
Given that geometry, we can define the Wasserstein gradient of a functional of probability distributions. Let
F map a probability distribution to a real number. Then, we define the gradient by

. d
(grad F,P)p = Ef(Pf)'t:o (A.17)

for any P, such that By = P and 0P,/dt|,—, = P. For example, for the KL divergence from distribution Q,

_ P(X)
FolP] = fP(X)l o) ——dX, (A.18)
the gradient is obtained as
grad F,[P](X) = (P(X)Vl P (();2) (A.19)
because
d _ [P P(t,X) P(t,X)
T FolR] = f 5 (6X)n o —— 24X = f V- (P(t,X)VY(t, X)) In 9 dx
P(t,X)
=— | P(t,X)V(t,X)-VIn dX.
[ exvpex) v
The Fokker—Planck equation (2.4) can be expressed as a gradient flow equation with the Wasserstein gradi-
ent. Here, we need to assume D = 1 and the mechanical force f is given by a potential U as f = —VU. Then,
the Fokker—Planck equation reads
P
22X) = V- (VBUK)PX) + V2P(X), (A20)
where we omitted the time dependence. It can be further rewritten as
%(X) =V - [PX)V(BUX) + In P(X))]. (A.21)
On the other hand, by choosing 77(X) as
e A2
7X) = [ ePUMIX’ (A.22)
we get
grad #;[P|(X) = -V - (P(X)V(BU(X) + In P(X))). (A.23)
Therefore, the Fokker—Planck equation is given as
oP
E(X) = — grad #,[P](X). (A.24)

Since F,[P] is strictly convex, it suggests the convergence to 7.
If the diffusion coefficient D is not one, Eq. (A.24) is no longer valid. Still, we can resolve this problem by
modifying the Wasserstein distance and the contiunity equation as

Wp(P,Q) = indt:\/rf f|V¢(t,X)|2Dp(t,X)dth, (A.25)
b 0

%—It)(t,X) = V- (Dp(t, X)VY(t, X)). (A.26)



A.2. EXTENSION TO DISCRETE SYSTEMS 109

Then, we would recover Eq. (A.24) with modified geometry
(2. Qip = [ Vi) VOODPOX, (A2

where 1 and ¢ are determined from P = V - (DPV%) and Q = V - (DPV¢). For this metric, the gradient of the
KL divergence reads
P(X))
rad . o[ P](X =—V'<DPXV1n—, A28
grad,, F[PIX) ®Vin 55 (A28)
where grad ) indicates that we used the metric that depends on D. Then, the Fokker-Planck equation with a
conservative mechanical force will read

%(X) = —grad, 7;[P](X). (A.29)

A.2 [Extension to discrete systems

For simplicity, we set kg = 1 and R = 1 in this section.

A mathematical analogues of the Benamou—Brenier formula (A.25) was proposed by mathematicians aiming
to express the classical master equation (6.7) as a Wasserstein gradient flow equation [109]. From the physical
point of view, it is provided as

T
%(5@%@# T f IVEOIydt. (A.30)
P 0

23

with the conditions

-

F0 =5 A= %L - vTEnvie. (A31)

For notational details, see Chapter 6. From the correspondence between L(p) and DP(X) discussed in Sec. 6.3.3,
it is clear that Eq. (A.30) generalizes Eq. (A.25). Moreover, the normalization is not an essential constraint; we
can define the distance also for CRNs by just regarding V in Eq. (A.30) as the transpose of the stoichiometric
matrix [19, 110].

The proof of the triangle inequality for these quantity is rather technical and lengthy. It is provided in the
original paper [109], which assumes the detailed balance, and our paper [19], not assuming it.
A.2.1 Gradient flow

Similarly to the continuous case, the Wasserstein-like distance yields an inner product between “time deriva-
tives” p and q at a probability distribution p by

(B, @Vp = (Y9, Vo), = $TVIL(H)V, (A32)

where 1,3 and d_; are obtained by solving ﬁ = —VTL(ﬁ)Vz,B and (_j = —VTL(ﬁ)V(E. The gradient of the KL
divergence,

F[Bl =, by 1n§, (A33)
i 1

is given by

grad F,[p] = VIL(p)V(In p — In§) (A.34)

in the same way as Eq. (A.28). If the system is detailed balanced, i.e.,

R
In R == ﬁ(es(e) - €t(e)) (A.35)

—e
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holds, the master equation will be
@ _ _ grad ?;)eq[ﬁ], (A.36)

where p;* o e~#¢i. This is proved as follows: first, note that

— grad Fyeq[ B = —VIL(B)V(In § + 6O)

and
Reps(e) T >
E@) =In =22 = _[VT(Inp + 8],
—eDt(e)
Therefore, we find
N >
[grad F eq Z Vel (5) Fé(ﬁ)) = [VTJ([_;)]i-
> K (?

Similarly, the rate equation (7.12) is given as a Wasserstein gradient flow equation when the detailed balance
and the mass action kinetics are assumed [19, 110]. This time, we need to use the generalized KL divergence

Flc] = Z <ca In z—,‘x —Cy + c('x) (A.37)
o e 4
instead of the KL divergence.

A.2.2 Remark

Although this distance function is difficult to give a transportational meaning such as the Monge problem after
all, it reproduces differential geometric properties of the original Wasserstein distance very well [167-169].
It includes some universal inequalities involving the curvature and the convergence speed [48], which can be
useful for nonequilibrium thermodynamics [170]. Reference [171] is the only application to nonequilibrium
thermodynamics that we could find. The paper provides a lower bound on the EPR by using the so-called loga-
rithmic Sobolev constant, which has much to do with the geometry introduced by the Wasserstein distance [48].
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